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The usual deterministic description of spatially-extended nonlinear dissipativ e systems
far from equilibrium yields a sharp bifurcation point at a crtical value R = R¢ of
the control parameter where the system makes a transition from the spatially uniform

ground state to a state with spatial variation. However, when the e ect of thermal noise
is considered, then even below the bifurcation there are uctuations of the macroscopic
variables away from the uniform state and the relevant elds, although they have zero
mean, have a positive mean square. Here we review measurements of the properties of
these uctuations. In the caseof Rayleigh-B enard convection (RBC) in common uids,

uctuation amplitudes are small and the exponent of the powerlaw which describes
their mean square has its classical (mean-eld) value yg = 1=2 in experimentally
accessible parameter ranges. However, for RBC of a uid near its liquid-gas critical

point uctuation amplitudes are much larger and nonlinear interactions between them
yield a rst-order transition as predicted by Swift and Hohenberg. Electro convection in
nematic liquid crystals (NLC) doesnot belong to the same universality class as RBC,
and uctuation interactions leave the bifurcation supercritical; but the critical behavior
is renormalized.

1. Intro duction

Bifurcations in spatially extendeddissipative systemsare usually discussedn terms
of deterministic equationsfor the macroscopicvariableswhich neglectthermal noise.
Many such \ideal" systemsundergoa sharp bifurcation at a critical value of a con-
trol parameter, where a spatially uniform state loses stability and a state with
spatial variation appears. However, if noiseis presen, it will drive the systemto
uctuate away from the uniform state, even below the bifurcation. As near a ther-
modynamic critical point, the uctuation amplitudes grow as the bifurcation is
approached becausethe susceptibility divergesthere. Using the stochastic hydro-
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dynamic equations introduced by Landau and Lifshitz,* this problem was consid-
eredtheoretically three decadesagc® 3 for the caseof Rayleigh-Benard convection
(RBC), which is the buoyancy-inducedmotion in a shallow horizontal layer of uid
heated from below. For RBC the deterministic model predicts pure conduction un-
til the temperature di erence T exceedsa critical value T.. In the presenceof
noise,time-dependent uctuating o ws are predicted to occur evenfor T < T,.
They have zero mean, but their mean-square(ms) amplitude is nite. Near the
bifurcation and when nonlinear saturation is neglected, this ms amplitude is pro-
portional to j j 2 where T= T. 1, i.e.it divergesat T.. In spite of the
divergence,these uctuations induced by thermal noisewere expectedto be unob-
senably weak becausethe thermal energykg T (kg is Boltzmann's constart) which
drivesthem is many orders of magnitude smaller than the typical kinetic energy of
a macroscopiccorvecting uid elemen. Nonethelessjt hasnow becomepossibleto
obsene the uctuating cornvection patterns below the bifurcation directly and to
make quantitativ e measuremets of their rms amplitudes.
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Fig. 1. Root mean square director angle uctuations h 2i1=2 as a function of V2=v2 1.
The three lines represert three dieren t models for the uctuations (see Ref. ®). The solid line
corresponds to the prediction Eq. 1. After Ref. 5.

2. Results in the linear range

When the uctuation amplitudes are small enough, their interactions with ead
other can be neglectedand the amplitudes can be described well by stochastic lin-
earized hydrodynamic equations. The rst systemfor which quantitativ e measure-
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merts were made was electrocorvection (EC) in a nematic liquid crystal (NLC) °.
This systemconsistsof a thin layer of a NLC con ned betweenparallel glassplates,
with the director aligned in a predetermined direction parallel to the plates. When
an alternating electric voltage of amplitude V is applied between electrodes de-
posited on the insidesof the glassplates, convection occurs above a threshold volt-
age V.. Eventhough that systemis \macroscopic", it is particularly susceptibleto
noise becausethe physical dimensionsare only of order 10 m and becausethe
elastic constarts (which determine the macroscopicenergy to which kg T has to
be compared) are exceptionally small.®> Measuremers for this system of the mean
squaredirector angle uctuations h 2i1=2 for V < V. are shown in Fig. 1. They can
be described very well by the prediction

h?2i = Fecg j*72 1)

of linear theory, as shovn by the solid line in the gure (for electroconvection
V2=VZ2 1). Only the coe cient Fgc was adjusted to t the data; its best
value was found to be of the samesize as the approximate theoretical estimate®

Fec ' kg T=kd (2)

where k is an averageelastic constart of the LC. Quantitativ e calculations of Fg ¢
basedon uctuating hydrodynamics have not yet to beencarried out.

More recertly, thermally driven uctuations were obsened also for RBC,® and
quartitativ e measuremets of their amplitudes were made by Wu et al.”® In part
these measuremets were made possibleby the developmen of experimental tech-
niquesfor the study of RBC in compressedyases’ There it is possibleto usesample
spacingsan order of magnitude smaller than for convertional liquids and kinematic
viscositiesare relatively small, thus making the systemsmore susceptibleto noise.
In addition, maximizing the sensitivity of the shadongraph method and careful
digital image analysis have enhancedthe experimental resolution.®

In the left part of Fig. 2 we shaov a processedimage of a layer of CO, of
thickness0.47 mm at a pressureof 29 bars and at a mean temperature of 32.0 C.
The samplewasat = 3 10 4, very closeto but just below the bifurcation point.
The uctuating pattern is barely detectable by eye. The right half of the gure
shows the average of the structure factors (squaresof the moduli of the Fourier
transforms) of 64 such images.It demonstratesclearly that the uctuations have
a characteristic wavenumber g. The value of q is in quantativ e agreemen with the
critical wavernumber g, = 3:117 for RBC. The ring in Fourier spaceis azimuthally
uniform, re ecting the continuousrotational symmetry of the RBC system.

The power contained within the ring in Fourier spacecan be corverted quanti-
tativ ely to the mean-squareamplitude of the temperature eld. ”:° Results for the
temporal and spatial averagesh T?2i of the square of the deviations of the tem-
perature from the local time average(pure conduction) as a function of at two
di erent samplepressuresare shown in Fig. 3 usinglogarithmic scales.The data can
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Fig. 2. Left: Shadowgraph snapshot of uctuations below the onset of convection ( = 3 10 4).
Right: The average of the square of the modulus of the Fourier transform of 64 images lik e that
on the left. After 7.
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Fig. 3. Mean square amplitudes of the temperature uctuations below the onset of convection
of a layer of CO» of thickness 0.47 mm and a mean temp erature of 32 C. The solid (open) circles
are for a sample pressure of 42.3 (29.0) bars. The two lines are the theoretical predictions. Note
that there are no adjustable parameters. After 7.

be described quite accurately by straight lines with slopescloseto -1/2, consistert
with the powerlaw h T2 / 172 as predicted by theory.

The amplitudes of the uctuating modesbelow but closeto the onset of RBC
werecalculated quartitativ ely from the linearized stochastic hydrodynamic equations*
by van Beijeren and Cohent?, using realistic (no-slip) boundary conditions at the
top and bottom of the cell. For the mean square temperature uctuations their
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results givet’

T.° F
R. 4
with &= 3qcIO R. = 38528. Here R, = 1708is the critical Rayleigh number, and
the noiseintensity F is given by

hT2()i = & ©)

_ksT 2 g
T TR @
with o = 0:385and , ' 0:0796. One seesthat F depends on the density
and kinematic viscosity , as well as on the Prandtl number = =Dt (Dt is

the thermal di usivit y). Using the uid properties of the experimental samples?
one obtains the straight lines in Fig. 3. Sincethere are no adjustable parameters,
the agreemen betweentheory and experiment can be regarded as excellert. This
agreemen lendsstrong support to the validity of Landau's stochastic hydrodynamic
equations'.

3. Results in the nonlinear range

Sucien tly closeto the bifurcation, where uctuation amplitudes becomelarge,
nonlinear interactions betweenthem play a role and linear theory breaksdown. In

this regime the nonlinear interactions induce deviations from the usual mean- eld

behavior implied by Egs. (1) and (3).#1! In that casegeruine critical phenomena
which dier from mean- eld predictions are expected, and the precisecritical be-
havior should depend on the symmetry properties and the dimensionality of the

system.

Deviations from the prediction of linear (mean eld) theory have indeed been
obsened recertly for electroconvection in nematic liquid crystals.*?*2 In Fig. 1 we
shaw the results for the mean square director angle uctuations h ?i of the NLC
152 (4-ethyl-2- uor 0-4%[2-(tr ans-4-pentylcyclohexyl)ethyl]-biphenyl asa function of

V2=V2 1. The open symbols correspond to data for V. < V, or < 0. At
largej j (near the right of the gure) the data are consistert with mean- eld theory
which is given by the short dashedline. However, the mean- eld prediction diverges
closeto = 0:02which is indicated by the vertical dashedline. One seesthat the
actual onset voltage V; for the ordered state has been shifted by the uctuations
to valueshigher than the mean- eld onsetat V.wm . The growth of the uctuation
intensities upon approadc toward j j = 0 can be described by an e ectiv e powerlaw
over a rangeof about two decadeswith an exponert closeto 0.25(solid line through
the open symbols), to be comparedwith the corresponding mean- eld exponert of
1/2. Of coursethis apparert powerlaw growth of the uctuations can not continue
inde nitely since h 2i must remain nite at the transition. Thus, actually there
must be a continuous and nite crosswer function which describes the evolution
of h 2i from below to above onset. The quartitativ e nature of this function is not
known at this time. The solid symbolsin the gure correspond to the ordered state
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for > 0. They can be described well by the classicalexponert 2 = 1, and were
usedto determine V.. Clearly this fascinating phenomenondesenesmore detailed
theoretical attention.

log(<6”>/{rad?))

Fig. 4. The mean square director angle uctuations h 2i as a function of j j. Open symbols:

< 0. Solid symbols: > 0. Short dashed line: mean eld (or linear) prediction. Vertical dashed
line: mean eld onsetat Vem £ . Solid line: an e ectiv e powerlaw with an exponent of 0.25. Dotted
line through the solid symbols: a powerlaw with exponent 2 = 1.

For RBC, Swift and Hoherberg were able to show that the system belongs
to the same universality classas one consideredby Brazovskii.4*%14 Equilibrium
systemsbelongingto this classinclude the crystallization of di-block co-polymers.®
For this universality classthe transition is of secondorder at the mean- eld level,
but the uctuations induce a rst-order tarnsition. A common feature of all the
systemsbelongingto this classis that the order parameter near the bifurcation has
a relatively large volume of phase spaceaccessibleto it. In the RBC casethis is
re ected in the rotational invariance of the system as demonstrated by the ring in
Fourier spaceshown in Fig. 2. On the basis of this qualitativ e consideration one
would not expect the electrocorvection system discussedabove!?'2 to belong to
the Brazovskii universality classbecausethe anisotropy due to the director leads
to only one or two pairs of spots in Fourier space.

For RBC in ordinary liquids onecan estimate* that nonlinear uctuation e ects
should be obsenable typically only for j j 10 &, which has not been accessible
to experiments so far. For RBC in compressedgasesthe critical region is a bit
wider, reaching asfar out asj j' 10 °; but as can be seenfrom Fig. 3, this too
has been beyond experimental resolution. Howewer, the situation is much more
favorable near a liquid-gas critical point (CP). Part of the reasonfor this can be
seenby inspecting Eq. 4. and the phasediagram of SFg shown in Fig. 5. In that
gure we shaw the temperature-density plane nearthe CP. The vertical dotted line
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Fig. 5. The temperature-density plane near the critical point of SFs. The dashed line is the
coexistence curve separating liquid and vapor. The vertical dotted line is the critical isochore.
The solid circle is the critical point Tc = 45:567 C, P = 37:545 bars and . = 0:742 g/cm 3.
The solid lines represert the isobars P = 38:10 bars (lower line) and 39.58 bars (upp er line) used
extensively in experiments. The heavy solid lines, each ending in two circles, illustrate the density
range spanned during measuremerts with T ' Tc for a cell of spacing d = 34:3 m (lower line)
and d = 59:1 m (upper line).

correspondsto the critical isochore, and the two solid lines are isobars. As the CP
is approached on the critical isochore from higher temperatures, the viscosity has
only a mild singularity and remains nite, whereasthe Prandtl nhumber = =Dy
divergesbecausethe thermal di usivit y Dt vanishes.Thus the divergenceof at
nite  leadsto a divergenceof F.'®> An equally important aspect is, however, that
the uid properties are sud that typical sample spacingsd which can be usedare
in the rangeof 10to 100 m, thus increasingF by one or two orders of magnitude
comparedto liquids and compressedgasesaway from the critical point. Another
factor which greatly increaseghe experimental shadavgraph resolution nearthe CP
is the value of the temperature derivativ e of the refractive index dn=dT. Typically
we havejdn=dTj"' O0:1, whereasfor ordinary uids it tendsto betwo or three orders
of magnitude smaller.

In Fig. 6 we show shadonvgraph snapshotsof uctuations and roll patterns for
a cell of spacingd = 59.1 m at a pressureP = 39:58 bars corresponding to
the upper isobar shown in Fig. 5. The meantemperature T = 48:000 C was kept
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Fig. 6. Shadowgraph images (top row) and the moduli of their Fourier transforms (bottom row)
near the transition to convection. From left to right, the images are for = -0.009, -0.001, 0.001,
and 0.009.

constart during the experiments and had a value which correspondedto the critical
isochore. When the applied temperature di erence was equalto T, the sample
occupiedthe heavy sectionof the line represerting the isobar. The theoretical value
of F was5 10 * for this case.The imagesare for seweral values. The bottom
row shows the moduli of their Fourier transforms. One seesthat it was possible
to visualize the uctuations even well below T.. Just above onset the pattern
consistedof convection rolls, as predicted for the deterministic system9:29:21 The
imagesat = -0.001and +0.001 demonstrate the existance of a sharp transition
from uctuations to aroll pattern, aswould be expectedfor a subcritical bifurcation
(or rst-order phasetransition) in the presenceof strong noise.

4. Future prosp ects

From the viewpoint of critical phenomenaelectrocornvection in NLCs is particularly

rich. There is a number of di erent caseswith di erent symmetry properties of the
normal forms (Ginzburg-Landau equations) which describe them.?2:2324 For the
planar alignment (director parallel to the con ning glass plates) discussedabove,
the convection rolls can have their axesorthogonal to the director (normal rolls), or
theseaxescan be at an oblique angleto the director (oblique rolls). In both cases,
the bifurcation can be stationary, or it can be a Hopf bifurcation to a time-periodic
state. As a function of the drive frequency the angle of obliquenesschanges,and
the point whereit vanishes(i.e. where oblique rolls turn into normal rolls) is known
as a Lifshitz point. The Lifshitz point hasits own distinct symmetrieswith di er-

ent critical behavior even at the mean- eld level. The systemsbecomeeven richer
when one considershomeotropic alignment (alignment of the director orthogonal
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to the glassplates). In that caseEC is usually precededby a Freederidksz transi-
tion which remaovesthe rotational degeneracyof the system;but under very special
conditions?® it is possibleto achieve electroconvection without a prior Freedericksz
transition. In this last caseEC should be in the same universality classas RBC
and showv a uctuation-induced rst-order transition. How many of the dierent
systemsmertioned here will actually yield di erent universality classesof critical
behavior is not known at this time. So far only the Brazovskii casehas beenstud-
ied theoretically. Experimentally only the casediscussedabove and illustrated by
Fig. 1 hasbeeninvestigatedthoroughly.'?13 It correspondsto a Hopf bifurcation to
oblique rolls. However early measuremets for a stationary bifurcation to oblique
rolls suggestcritical behavior which di ers from the Hopf caseand imply the ex-
istence of more than one universality class?® Clearly a great deal of experimental
and theoretical work remainsto be donein this eld.
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