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ABSTRACT

Experimental results for thermally driven convection in a thin horizontal
layer of a nematic liquid crystal heated from below or above and in a mag-
netic eld are reviewed and, when possible, compared with theoretical cal-
culations.

For the caseof planar alignment in a horizontal eld, convection occurs
only when heating is from below. The threshold is lowered dramatically by a
heat-focusing mechanism. There is excellert agreemen betweenexperiment
and theory for those properties which depend only on the linear terms in
the equations of motion, namely for the primary bifurcation line and the
wavevector as a function of magnetic eld. Predictions for the location of
and behavior near two Lifshitz points are quantitativ ely con rmed by the
experiments. For the nonlinear properties, agreemen with weakly nonlinear
theory is not so satisfying. The predicted tricritical points have not been
found in the measuremerns, and at modest elds the primary bifurcation
appears to be supercritical and to lead to a state of spatio-temporal chaos
instead of being subcritical. The experiments reveal an interesting param-
eter range where the primary bifurcation leads to a bimodal, or rhombic,
structure which had not been predicted.

For homeotropic alignment and a vertical eld, convection canoccur when
heating is either from below or above. When heating from below, a subcrit-
ical Hopf bifurcation is predicted by theory and found in the experiments.
Again there is quantitativ e agreemen between the measured and the pre-
dicted bifurcation line as a function of magnetic eld. The nonlinear state
near the bifurcation is one of spatio-temporal chaos which seemsto be the
result of a zig-zag instabilit y of the straight-roll state. When heating from
above, convection occurs becauseof heat focusing. Exp erimental results for
the bifurcation line exist only at small magnetic elds, but these agreequite
well with the predictions. The bifurcation is supercritical and leads to a
pattern consisting of squares.

Recert measuremerts of two-phaseconvection are preserted. Here the top
of the uid layer is in the nematic and the bottom in the isotropic phase.
In a su cien tly large thermal gradient, the more densephase can be stably
stratied abovethe lessdenseone. Measuremerts of the bifurcation lines asa
function of the vertical interface position are in good agreemen with theory.
A great diversity of patterns is observed in the nonlinear regime, including
normal and parallel rolls, oblique rolls with defects, disordered rolls and
circles, and cellular ow with up o w or down o w at the cell certer.
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1 Intro duction

This chapter preserts a review of experimental results for thermally driven
corvection in a thin horizontal layer of a nematic liquid crystal (NLC)

heated from below or above. Convection in an isotropic uid heated from

belowis well known as Rayleigh-Benard convection (RBC). [1; 2] However,
this phenomenonis altered dramatically in the caseof a NLC. When the
director is orthogonal to the heat current Q, i.e. in the horizontal direc-
tion, a new mechanism involving heat-focusing[3 5] assaiated with the
anisotropy of the thermal conductivity comesinto play. On the other hand,
when the director is parallel to Q, a competition betweenthe time scales
assciated with director relaxation and thermal relaxation leadsto a Hopf
bifurcation, [6 8] i.e. to an instability at a nite frequency In addition,

when the uid is a NLC, there are at least two other interesting cases.
One of them is a thin horizontal layer heated from alove Again becauseof
heat focusing [9] this can lead to convection when the director is parallel

to Q. The other is two-phasecorvection. Here the uid is heated from be-
low, but the bottom (top) portion is at a temperature above (below) the

nematic-isotropic transition temperature Ty , sothat an interface between
the isotropic and nematic phaseexists in the sample. This situation leads
to yet another instability mecanism assaiated with the interface which

is quite di erent from the Rayleigh-Benard case.[10] A further interesting
aspect of thermal cornvectionin NLCs is that an external magnetic eld will

coupleto the uid becausethe diamagnetic susceptibility is anisotropic. A

eld of modeststrength can have a dramatic e ect on the phenomenawhich

are obsened. This adds greatly to the richnessof the physics accessibleto

the experimentalist.

There have been seweral previous reviews of this topic. [5;11;12] The
most recert oneby Barratt [12] emphasizegheoretical developmerts. In the
present chapter | will focuson the experimental contributions to the eld,
although thesewill be comparedto the relevant theory. The earlier reviews
[5; 11] weremore broadly based,including other instabilities such aselectro-
convection [5] or shear- ow instabilities. [11] Although | will attempt to
presert a proper historical perspective, much of the information in this
chapter is new and is the result of recert investigationsin our laboratory.
[13 17] The structure of this chapter is as follows.

In Sects.1.1to 1.3 we will briey discussthree aspects of thermal con-
vection in NLCs, and consider various views from which they may be of
broad interest. In the subsequeh sectionsthe experimental results will be
reviewed in detail. Section 2 is dewted to convection in a nematic layer
with planar alignment and in a horizontal magnetic eld. Section 3 reviews
the experimental results for pattern formation and bifurcation phenomena
in a homeotropically aligned layer. Here Sect. 3.1 is dewted to the case
where the heat is applied from below, and Sect. 3.2 discusseshe caseof
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heating from above. Section 4 is dewoted to two-phasecornvection. In Ap-
pendix A, modern experimental methods for pattern-formation studies in
NLCs are described. Appendix B givesa survey of the physical properties
of 4{n{p entyl{4 Ycy anobipheryl (5CB, alsoknown asK15 [18] or 5PP [19])
which may be useful for the interpretation of future experimental work.
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Fig. 1.1. Thermal conductivity of 5CB. The dash-dotted vertical line isat Ty .
The circles were measuredin a strong vertical magnetic eld, and for T < Ty,
correspond to . The squareswere obtained in a large horizontal eld, and below
Tni are - . Adapted from Ref. 15.

1.1 Instability Mechanisms

There are seweral interesting aspects of corvection in NLCs. From one
point of view, it is of interest that new mecanismsfor instabilit y can come
into play. One of theseis due to \heat focusing".[3 5; 9] The conductivity

of a NLC is anisotropic, being largest when the temperature gradiert is
parallel to the director f ( ) and smallest when it is perpendicular to
A ( »). This is illustrated by the measuremets for 5CB which are shovn
in Fig. 1.1. [15 The anisotropy ratio = » varies from over 1.7 at low
temperatures to about 1.4 at Ty, . This result is represenativ e of other
NLC's aswell. [20 24]

Let us consider rst the casewhere the heat current Q is applied from
below, and where f is in the horizontal direction parallel to the con ning
plates (known as planar alignment). Figure 1.2aillustrates what happens
when a spontaneous uctuation of A away from perfect horizontal align-
ment and with a wavelength approximately equalto twice the cell spacing
occurs. In the gure, the double-headednearly-horizontal arrows represert
the local director orientation. The anisotropy of will lead to a heat cur-
rent which has a periodic horizontal componert. This yields a horizontal
componert of the temperature eld in the sampleinterior, and to relatively
hot (cold) regionsnearthe plusses(minuses)in the gure. It yields a buoy-
ancy force in the direction of the arrows below the plussesand minuses
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which will tend to induce uid ow as indicated by the circles. The ow
will bein the direction of the arrow headson the circles. Sincethe velocity
eld is coupledto the director eld, it will further enhancethe perturba-
tion of the director and thus of the laterally periodic componert of the
heat current, thereby enhancingthe amplitude of the lateral temperature
variation. The consequenceés an enhancedbuoyancy force. It is apparert
that a small perturbation of the director will tend to be ampli ed by this
\heat focusing" mechanism. [3 5;25] Consequetly, there is a dramatic
reduction of the onset of corvection below that of an isotropic uid. This
will be demonstrated in detail in Sect. 2.3.1, and is shovn below in Fig.
2.2.
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Fig. 1.2. Schematic illustration of the heat-focusing mechanism. a: planar align-
ment heated from below. b: homeotropic alignment heated from below. c:
homeotropic alignment heated from above. The double-headed arrows indicate
the local director orientation. The plusses(minuses) show relatively hot (cold)
regions. The o w which tends to be induced by the lateral temperature variation
is shown by the circles with their arrow heads.

Interestingly, just the opposite e ect will comeinto play whenf is aligned
vertically, i.e. perpendicular to the con ning plates (known ashomeotropic
alignmert). This case,when heated from below, is illustrated in Fig. 1.2b.
It can be seenthat under these conditions any o w induced by the lateral
temperature variations suppresseghe director uctuations. In this caseone
would not expect a loweredthreshold becauseof the anisotropy of , and (in
the absenceof other e ects) convection should start roughly at the same
Rayleigh number as in the isotropic case.However, another mecanism
becomesimportant in a NLC as we shall seebelow.

A particularly interesting aspect of heat focusing is that it can lead to
an instability when heating is from alove [9;26] It is easyto seefrom
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Fig. 1.2athat a samplewith planar alignment and heated from above will
not undergo corvection. The overall density gradiert is stable, and as in
the homeotropic caseheated from below, the director uctuations are sup-
pressedrather than enhancedby any ow which they induce. Howewer, in
the homeotropic caseheatedfrom abovethe uctuations are enhanced,asis
illustrated in Fig. 1.2c.In that case,cornvection will occur above a relatively
low threshold even though the overall density gradient is stabilizing.

The homeotropic caseheatedfrom below is interesting becausea di eren t
medhanism occurs. [6; 7; 27] In this case,the usual Rayleigh-Benard desta-
bilization due to a thermally-induced density gradient is opposed by the
sti ness of the director eld which is coupledto and distorted by any ow.
It turns out that relaxation times of the director eld are much longerthan
thermal relaxation times. For that reasonit is possible for director uc-
tuations and temperature/v elocity uctuations to be out of phaseas they
grow in amplitude. This situation typically leadsto an oscillatory instabil-
ity (also known as overstability), and the bifurcation at which thesetime-
periodic perturbations acquire a positive growth rate is known as a Hopf
bifurcation. [8] This caseis closely analogousto corvection in binary- uid
mixtures with a negative separation ratio. [28;29] In that case,concerira-
tion gradients opposeconvection, and concerration di usion hasthe slow
and heat di usion the fast time scale.lt turns out that the Hopf bifurcation
in the NLC caseis subcritical, [27] and that the fully developed nonlinear
state no longer is time periodic. Instead, the statistically stationary state
above the bifurcation is one of spatio-temporal chaoswith a typical time
scalewhich is about two orders of magnitude slower than the inverseHopf
frequency [17] However, it was possibleto actually measurethe Hopf fre-
guency by looking at the growth or decay of small perturbations which
were deliberately intro duced when the systemwas closeto the conduction
state and near the bifurcation point. [27]

Finally we mertion that NLCs o er an experimentally conveniert op-
portunity to study yet another instabilit y mecanism which is important
for convection in the presenceof a rst-order phasechange. The nematic-
isotropic transition at Ty, is of rst order, with alatent heat and a discon-
tinuity in the density. When the vertical temperature di erence acrossa
convection cell straddles Ty |, an interface betweenthe two phasesexists at
that vertical position wherethe local temperature is equalto Ty, with the
low-temperature (more dense)nematic phaseabove it. From experimert it
seemsthat the nematic nature of the upper phasehas only a minor in u-
ence.For isotropic uids, the problem was examinedtheoretically over two
decadesago by Busseand Schubert, [10; 30] who identi ed the medanism
and carried out a linear stability analysisfor certain special casesContrary
to our more common experiencewith the Rayleigh-Benard mecanism, it
turns out that a vertical temperature gradient actually tendsto stabilizethe
quiescen uid. Qualitativ ely, this can be understood by rst considering
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the instability medianism in somewhat more detail. A small uctuation
with horizontal wavenumber k of the interface position will tend to be
destabilizing for two reasons.First, it createsa uid column of width =k
with arelatively large averagedensity adjacert to a similar column of lesser
averagedensity, making it favorable for the heavy column to sink and the
lighter oneto rise. Second,a local upward displacemen of the interface due
to a uctuation will releaseheat due to the assaiated corversion of the
dense uid to the lessdenseone. This leadsto local heating in the neighbor-
hood of the displacemen, thereby adding to the already existing positive
buoyancy force. Similarly, a downward displacemen will absorb heat, pro-
ducing cooling in its vicinity and thus enhancing the negative buoyancy
which prevails there. It is seenthat both of thesefactors further enhance
the driving force for convection. In the absenceof restraining in uences,
convection thus should be initiated by small uctuations. This isindeedex-
pectedto be the casewhen the temperature gradient is vanishingly small,
yet just large enoughto straddle the transition. However, a large tempera-
ture gradient will tend to suppressthe amplitudes of spontaneousinterface
uctuations becausethe interface essetially is restrained to be located at
that preciselyde ned vertical position where the local temperature equals
the transition temperature. A larger temperature gradient thus provides a
more se\ere constraint, and actually stabilizesthe interface. This makesit
possiblefor a more densephaseto be stably stratied above a lessdense
one. Of course,when the temperature gradient becomeslarge enough, the
usual Rayleigh-Benard mechanism leadsto corvection, and the instabilit y
is the result of a complicated interaction betweenthe two phenomena.

The theoretical work of Busseand Schubert was motivated by the rel-
evance of the interface instability to geoptysical and astrophysical prob-
lems. The stability of a densephase above a less denseone plays a role
in geothermal situations, where for instance water can be stably strati-
ed above steam.[30; 31] Phasechangesalso are important for convection
in the earth's mantle [32] and in stars. However, in those casesthere are
very large gravitational pressuregradients, and it is believed that the more
densephaseis located below the lessdenseone. An instabilit y can occur
nonethelessbecausethe latent heat which is releasedin an interface dis-
placemen can still destabilize the system. However, this situation is not
readily achieved in the laboratory. Various types of interface instabilities,
including oneswith negative latent heat and when heating from above,
have beenenumerated by Busse.[30].

It turns out that two-phasecornvection alsoinvolvesextremely interesting
nonlinear problems, sudch as the exdange of stability between hexagons
and rolls. There have been only qualitativ e experiments relevant to this
interesting system[33 35] until very recertly. [14; 16] A detailed accourt
of our presen state of experimental knowledge about the linear as well as
the nonlinear aspectswill be provided in Sect. 4.
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1.2 Stability Analysis

From another vantage point, NLC convection provides us with a system
whose equations of motion are well known, [36; 37] but signi cantly more
complicatedthan the Navier-Stokesequationsfor isotropic uids. The usual
viscosity and conductivity are replacedby v e independen viscositiesand
two conductivities, and the equations for momertum and energy balance
must be coupledto an equation for the director eld which contains three
elastic constarts. In spite of thesecomplexities, it hasbeenpossibleto carry
out quartitativ e stability analyses,and under someconditions predictions
in the weakly nonlinear regime have beenmade. [25; 26; 38] Thus, one may
argue that comparison of quartitativ e experiments on thermal convection
in NLC's with corresponding detailed theoretical calculations provides an
excellert testing ground for the applicability of methods of stability anal-
ysis and of weakly nonlinear theory to systemswhich are more complex
than isotropic uids. From this point of view, thermal convection in NLCs
has an experimental advantage for instance over electro-corvection [39; 40]
(hydrodynamic o w in athin layer of a NLC which is induced by the appli-
cation of an electric eld) in that adequately de ned boundary conditions
at the top and bottom plate are more easily established.For instance, when
parallel alignment is desired, a slight tilt angle of the director adjacert to
the boundariesbecomesrelatively unimportant in the relatively thick uid
layers which are needed,especially when a signi cant horizontal magnetic
eld is applied. On the other hand, the thick samplesnecessarilyhave a
relatively small aspect ratio, having a radius which typically is no more
than 10 times the layer thickness.For the latter reason,the experimental-
ist needsto be careful to distinguish betweene ects induced by the lateral
sidewalls and phenomenaassaiated with the laterally unbounded system
usually ervisioned in the theory.

1.3 Pattern Formation

From a third point of view, thermal cornvection in NLCs provides a rich
systemfor the study of generalproblemsin pattern formation. During the
last two decadesinterest in this nonlinear topic has seena revival in the
physics community, and a great deal has been learned from experimerts
about nonlinear pattern-forming dissipative systems.[41; 42] Of particular

interest at the presen are patterns which form in two spatial dimensions.
Most of thesehave beenstudied in systemswhich are isotropic in the plane
of the pattern. Notable examplesare RBC in an isotropic uid and the
formation of Turing patterns in chemical reactions. [41] Thermal corvec-
tion in NLCs with homeptropic alignment and in a vertical magnetic eld

alsofalls into this category. In those casesthe patterns, e.g.the convection
rolls, squares,or hexagons,can form with an arbitrary angular orienta-
tion which should be irreproducible in successie independert experiments
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unlessthe boundary conditions imposedby the apparatus break the rota-
tional symmetry. NLCs have much to o er here.In particular, it wasfound
in early experiments [9; 39 that heating from alove will lead to squares,
a caserelatively rare in isotropic- uid convection (squaresdo occur in the
caseof poorly conducting top and/or bottom boundaries, [43] and in the
caseof binary-mixture convection for certain parameter ranges [44; 45]).
Another advantage of NLC thermal convection in the homeotropic caseis
that it should be relatively easyto break the (ideal) rotational symme-
try by applying a small horizontal magnetic eld in addition to a stronger
vertical one. The opportunity thus exists to study the crosswer from the
isotropic to the uniaxial case.Finally we mertion that the homeotropically
aligned uid when heated from below was predicted [6; 7] and found from
experiment [27] to becomeunstable via a Hopf bifurcation. This bifurcation

is subcritical, [26;27] and leadsimmediately to a state of spatio-temporal
chaos[17]. It is expectedto terminate in a codimension-two point at high
elds wherethe primary bifurcation should be to a stationary pattern. [26]
For the most part, the phenomenadescribed above have beenexplored by
experiment only qualitativ ely, if at all. Thus there remains a large eld

with opportunities for numerousfruitful laboratory investigations.

From the pattern-formation viewpoint it is particularly interesting to
examine systemswhich have an intrinsic anisotropy which singlesout a
unique angular orientation A. This anisotropy intro ducesnew bifurcation
phenomenawhich are absert in the isotropic casebecausethe orientation
of the pattern relative to A can now change as a control parameter is
varied. Examples of anisotropic systemsare NLCs in which the director is
oriented in a particular direction parallel to the at plates which con ne
the uid. [36] Sudch a samplemay also be exposedto a horizontal magnetic
eld H parallel to A. [4;12;46] This system was studied theoretically by
sewral investigators, [3 5;47] but most recertly and in greatest detalil
by Feng et al. [25] Over an appropriate parameter range, RBC rolls are
expected to form with an amplitude which grows continuously from zero
as the temperature dierence T is increasedbeyond its threshold value
T .. The orientation of the roll axis is predicted to depend upon H. As
H is increasedbeyond a critical value H 1, the roll-axis orientation at
onset changescortin uously from being normal to i and H (normal rolls)
to being obliqgueto h and H (oblique rolls). When H reachesvaluesbeyond
a secondcritical value H, ,, the orientation is parallel to H and h (parallel
rolls). In analogyto equilibrium critical phenomena[48] the two-parameter
bifurcation-p oints at which the transitions from normal to oblique and
oblique to parallel rolls occur have been called Lifshitz points. [49] Suc
a bifurcation phenomenoncannot exist in the isotropic casebecausethe
corvection-roll orientation is arbitrary . Recert detailed experiments [13]
are in quantitativ e agreemen with the theoretical predictions. They will
be reviewed in Sect. 2.
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1.4 Materials

The most common material for the study of both electro-convection
and Rayleigh-Benard corvection has been p-methoxy benzylidene-p-n-
butylaniline (MBBA). The reasonfor this apparertly is historical; MBBA

wasthe rst material for which all relevant physical properties, which are
necessaryfor comparison between experiment and theory, had been mea-
sured. However, a recent survey of the literature revealedthat the proper-
ties of someof the cyano-bipheryls are known nearly aswell. Thesemateri-
alsare far more stable and lesstoxic than MBBA, and thus have advantages
for preciseexperimental work. They are alsorelativ ely inexpensiwe, and this
is an important factor for thermal convection becausecomparatively large
amourts (typically perhaps30cm?) are required. [50] The cyano-bipheryls
are well suited for studies of thermal corvection. However, they cannot
be used for many types of investigations of electro-convection becausein

the caseof parallel alignment their positive dielectric anisotropy leadsto a
Freederidksz transition prior to the onsetof electro-corvection. In order to
encourageits usein thermal-convection studies, a summary of the physical
properties of 5CB is givenin an appendix to this review.

2 Planar Alignment and a Horizontal Magnetic Field
2.1 Intr oductory Remarks

Nematic liquid crystals with planar alignment o er an opportunity to exam-
ine pattern formation in systemswhich have an intrinsic anisotropy which

singlesout a particular angular orientation. [46] The anisotropy intro duces
new bifurcation phenomenawhich are absert in the isotropic casebecause
the orientation of the pattern relative to A can now change as a control

parameter is varied. The seminal early theoretical work of Dubois-Violette

etal. [3 5]identied the instability mecanism due to heat focusing (see
Sect. 1.1), and made predictions about the threshold as a function of the

strength of a magnetic eld H parallel to the director. The same group
of authors performed early experiments [4] which qualitativ ely con rmed

the threshold prediction asa function of H, and which (for relatively small

H) showed that the anisotropy led to cornvection rolls with their axesper-

pendicular to the director (normal rolls). Much more recertly, quartitativ e
measuremeis of both the linear and nonlinear properties of this system
over a wide range of H have been performed, [13;17] and in the presert

sectionwe provide a review of the current state of our experimental knowl-

edge.It turns out that the systemis very rich. As H is varied, a number
of new bifurcation phenomenaas well as interesting nonlinear e ects oc-
cur. Detailed predictions basedon linear and weakly nonlinear theory have
beenmade recertly by Feng et al., [25], and the experimental results will

be comparedwith theseso far as possible.
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2.2 Theoretical Predictions

At very low elds, time-independert RBC rolls are expectedto form via a
supercritical bifurcation [8], that is with an amplitude which grows contin-

uously from zero asthe temperature di erence T is increasedbeyond its
threshold value T .. [25 For a range of modest eld valuesbetweenH;;
and Hy,, the bifurcation is expectedto becomesubcritical. Beyond the up-
per tricritical point at H¢,, the onsetof corvection onceagain should be via
a supercritical bifurcation, and is expectedto lead to a time independert
pattern. The orientation of the roll axesis predicted to depend upon H.
As H is increasedbeyond a critical value H ;, the roll-axis orientation at
onsetchangescontin uously from being normal to A and H (normal rolls) to
being oblique to h and H (oblique rolls). Dependingonthe uid properties,
H_ 1 may be larger or smaller than H»,. When H» > H\ 1, the predictions
for the oblique-roll anglefor H < H, pertains only to the in nitesimal per-
turbations of the linear state which rst acquire a positive growth rate, and
not necessarilyto the fully developed nonlinear cornvecting state. When H

reachesvaluesbeyond a secondcritical eld H | ,, the orientation is parallel
to H and f (parallel rolls). In analogy to equilibrium critical phenomena,
[48] the two-parameter bifurcation points at which the transitions from
normal to oblique and oblique to parallel rolls occur have been called Lif-

shitz points. [49] Quantitativ e measuremets of the roll orientation asH is
increasedfrom below H_; to above H_, have beenmade. [13] There also
exist results for T ¢(H) over a wide range of H. Theseexperiments are in
guantitativ e agreemen with the calculations by Feng et al., [25] and will

be reviewed in the next section. More limited predictions have beenmade
for the nonlinear state which evolvesabove the bifurcation. [25] As will also
be shown in the next section, someof these have beencon rmed by exper-
iment, but for other aspects of the nonlinear problem the theory seemsto
be incomplete at this time. Much work, both theoretical and experimerntal,

remainsto be donein this area.

The quantitativ e aspects of the instabilities are determined by four di-
mensionlessparameters which are formed from combinations of the uid
properties described in Appendix B. They are [25] the Prandtl number

- (22 2:1)

?

the ratio betweenthe director relaxation time and the heat di usion time

17

F = ;
ki1

(2:2)

the Rayleigh number
gd3T

R:(4=2)? !

(2:3)
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and the dimensionlessmagnetic eld
h= H=H|:;'_) (24)

with the Freederidksz eld

Heo» =

3 - (2:5)

The time scaleof transients and pattern dynamicsis measuredin terms of
ty = d’= 5 : (2:6)

Both h and R are easily varied in an experiment, and may be regardedas
two independert cortrol parameters. The availabilit y of h in addition to R

makesit possibleto explore the predicted two-parameter bifurcation phe-
nomenaassciated with the tricritical and Lifshitz points. The parameters
F, ,andt, areessetially xed oncea particular NLC and temperature
range have been chosen,and even betweendi erent NLCs there is not a
great range at our disposal. For 5CB at 26 wehave = 502andF = 757.
The critical value R of R and the uid parameters determine the criti-

cal temperature dierence T . for a sample of a given thicknessd. The
realistic experimental requiremert that T ' afew C dictates that the
sample thicknessshould be a few mm (except at very low elds where R,
becomessmall). For cell 2 (d = 0:404 cm, seeAppendix A) this leadsto

ty = 287 s. Since equilibration after control-parameter changesoften re-
quirestime intervals of 10to 10Qt,, careful experiments are extremely time

consuming.In fact, it may be that someof the experimental obsenations
of the cornvecting state cannot realistically correspond to stationary states
if the time scalein establishingthose statesinvolvesthe director relaxation

time F ty, which is 60 hours for cell 2. Typical valuesof Hg.» for samples
of thicknessa few mm are near 20 Gauss. Thus modest elds of lessthan

a kGauss are adequateto explore the ertire range of interest.

2.3 Experimental Results
2.3.1 Linear Properties

The critical temperature di erences for the onsetof convection were deter-
mined from heat-transport measuremets. [13] Theseare usually expressed
in terms of the Nusselt number

N eff = 2 (2:79)

Here
of f Qd:T (27b)



Guenter Ahlers

is the e ectiv e conductivity and cortains contributions from di usiv e con-
duction and from hydrodynamic ow. It should be rememnbered that the
di usiv e contribution to ¢ is not the sameas that of a sample with
perfect planar alignment. The hydrodynamic ow couplesto the director
eld and modi es the di usiv e conductivity of the sample. Howewer, the
denominator - in Eq. 2.7ais takento be the di usiv e conductivity in the
absenceof hydrodynamic ow with the director perpendicular to the heat
current. The conductivity -, wasmeasuredbelow the convective onset[15]
and is shown in Fig. 1.1. Figure 2.1 shovs N at seweral elds for cell 2 (see
Appendix A for details about the three cells which have beenused).

Nusselt Number N

DT (degC)

H/HE |

Fig. 2.2. Critical Rayleigh numbers

Fig. 2.1. Nusselt numbers for cell 2
(d= 4:.04 mm, Hg.» = 17:5 Gauss).
From left to right, the data are for
H = (h =) 311 (17.8), 362 (20.7),
414(23.7), 518(29.6), 622 (35.5), and
1036 (59.2) Gauss.

as a function of the scaled magnetic
eld h = H=Hg.,. Squares: cell 1
(d= 4:98 mm, Hg., = 14:2 Gauss).
Circles: cell 2 (d = 4:04 mm, Hg.» =
175 Gauss). Crosses: cell 3 (d =

3:27 mm, Hg» = 216 Gauss).
Adapted from Ref. 13.

In the high-eld limit, the director and eld direction are still expected
to determine the roll orientation; but the threshold R should be the same
(Rc = 1708) as that of an isotropic uid. Figure 2.3agives T . for cell
2 (d = 0:404 cm) for a range of mean temperatures and for large elds
(H > 1000 Gauss). The experimental valuesof T . vary by a factor of
2.8 in the nematic phase. The solid lines are derived from Eq. 2.3 with
R = R; = 1708and from the uid properties givenin Appendix B (for the
isotropic phase, 4=2 in Eq. 2.3 is replacedby the shearviscosity ). The
agreemen with the data is seento be excellert in both phases.The same
results are showvn with greater resolution in Fig. 2.3b as critical Rayleigh
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numbers, obtained from Eq. 2.3, the uid properties, and the measured
T .. The dashedhorizontal line is the prediction R, = 1708.The vertical
bar near Ty, = 35 C correspondsto 1708 85, that is its length corre-
spondsto an error of 5%. Most of the data for R fall within this range.
Exceptions are the points just belov Ty wherethe uid properties vary
rapidly with temperature and are not known too well, and the data at
the highest temperatures where the thermal expansioncoe cien t is rather
uncertain.

(o}
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Fig. 2.3. (a): Critical temperature di erences and (b): critical Rayleigh numbers
as a function of the mean temperature for cell 2. In (a), the solid line isthe T .
calculated from the uid properties (App endix B) and R = 1708. In (b), the
vertical bar correspondsto R = 1708 5%.

Lessextensive measuremets of T . for largeH were made for the other
two cellsnear 28 C. They gave R, = 1640(cell 1, d = 0:498 cm) and 1740
(cell 3,d = 0:327cm). Clearly, there is excellent agreemen betweenexper-
iment and theory for all three cells. In the isotropic phase, T . wasfound
to be eld independen, as expected. For instance, at a mean temperature
of 37.9, it was found with cell 2that T . = 5:40 and 5:38 for H = 40
and 1200 Gauss respectively.

The dependenceupon h (Eq. 2.4) of the measured T . in the nematic
phaseis comparedwith theory in Fig. 2.2. Showvn as squares,circles, and
crossegespectively are the ratios R¢(h)=R¢(1 ) for cells1, 2, and 3. Their
good agreemen with ead other is consistert with the expected scaling of
H with He., . Note that Hg.» / 1=d and that d variesfrom 3:3 mm (cell
3) to 5:0 mm (cell 1)! The solid line is the theoretical prediction. [25] Since
the calculation contains no adjustable parameters, the agreemen between
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theory and experimert is really very impressiwe. It should be noted that the
theoretical bifurcation line is sensitive to the uid parameters. The good
agreemen with experiment seenin Fig. 2.2 thus alsore ects the fact that
the properties of 5CB (seeAppendix B) are known quite well.

Fig. 2.4. Images of convection patterns in cell 1. The eld and the director are
in the horizontal direction. The examples are for a: 211 Gauss; = 0:036; b:
379 Gauss; = 0:035;c: 427 Gauss; = 0:069; and d: 442 Gauss; = 0:040. The
Freederiksz eld is 14.2 Gauss for this cell. Adapted from Ref. 13

Figure 2.4 shows images of the patterns at small T =T, 1lat
various H for cell 1. Here the ertire cell is viewed from above (see Ap-
pendix A for the o w-visualization method), and the director and the eld
are in the horizontal direction in the gure. At relatively small H (4a),
the roll axesare normal to the director and the eld (normal rolls), and
the wavenumber jkj decreasessomewhat with increasingH. In this eld
range and in the rectangular cell, jkj tends to changediscortin uously since
structures commensuratewith the cell length seemto be preferred. As H
is further increased,we passthe predicted [25] Lifshitz point wherethere is
a cortinuoustransition to oblique rolls. The oblique rolls could have either
of two orientations, corresponding to a positive or negative angle between
their axesand h. Over a eld rangewith anglescloseto =4, coexistenceat
the samespatial location of both orientations as a bimodal structure was
obsened (image 4c, seealso Sect. 2.3.2). At the slightly higher eld of 442
Gauss (image d) no bimodal structure wasfound near onset. At evenhigher
elds than those represerted in Fig. 2.4, no patterns were obsenable be-
causethe roll axeswere parallel to the director and the eld (parallel rolls)
and thus the ow did not distort the director eld. Comparedto patterns
in pure uids, the rolls seemsurprisingly little a ected by the sidewalls,
although there is a tendency for them to terminate at the sidewalls with
their axesperpendicular to H as can be seenby closeinspection of images
b and d.
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441 461

477 518 1270

441 461 518

Fig. 2.5. Top two rows: Images for cell 2. The eld and the director are in the
horizontal direction. The eld magnitudes, in Gauss, are given in each gure.
The Freederiksz eld for this cell is 17.5 Gauss. For the image at 1270 Gauss
the temperature of the top plate was 31.5 and T was large enough for the
temperature of the bottom plate to be just above Ty, . Bottom row: Grey-scale
images of the structure factors S(k) of three of the imagesshown in the top two
rows (again the eld magnitudes, in Gauss, are given for ead).

The top two rows of Fig. 2.5 show patterns for cell 2. This cell had a
circular crosssection,and the entire pattern is shovn. The eld magnitude,
in Gauss, is given in the upper left corner of each image. All except the
oneat 1270Gauss are for ' 0:01. Imagesfor cell 3 at the samevalue of
h look similar. As for cell 1, one seeghe transition asa function of H from
normal to oblique rolls. However, for cell 2 and near the lower Lifshitz eld
H\ 1, both roll orientations coexistedin the cell, ead occupying a di erent
portion with a boundary betweenthem acrossthe diameter parallel to H as
seenfor 441 Gauss. Since most phenomenadepend upon jHj2 and not on
H, one would expect that there should also be patterns which correspond
to a re ection through a plane perpendicular to the eld direction. Even
though experiments were carried out in which the nal state was readed
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either by increasing T at constart H or by decreasingH at constart T ,
the seard for these was unsuccessful.They also could not be produced
when the direction of H was reversed,and all these experiments yielded
only patterns like those shown for 441 Gauss. Presumably there was some
slight asymmetry in the experimental cell which prevented accessto the
other patterns.

For the eld range where oblique rolls with their axesat an angle near
=4 to H are expected, bimodal structures were obsened near onsetalsoin
this cell, asseenfor 461and 477 Gauss. Although this phenomenoninvolves
the nonlinear interaction betweenthe modes,we discussits occurrencenear
onsetalready in this sectionrather that in Sect.2.3.2below. Two examples
are showvn in Fig. 2.5 so as to demonstrate that the bimodal structures
actually exist over a eld range and not only at a unique eld value. Near
onset ( ' 0:01), they formed over the range 461 H 487 Gauss,
corresponding to 26:3 h 27:8. The angle between the two modes
varied from 104 at H = 461 Gauss to 94 at H = 477 Gauss. Thus,
except possibly for a unique eld value, thesepatterns are not squaresbut
may be regarded as rhombi. [51] In this case,the rhombi arise as a small
perturbation of squares.Rhombi which are closerto hexagons(with the
angle betweenthe roll axescloseto 120 ) have beenobsened in chemical
patterns by Ouyanget al. [52; 53] Theseauthors, aswell asMalomed et al.,

[54] discussthem in terms of coupled Ginzburg-Landau equations.

At higher elds only one mode existed in a given pattern. In this pa-
rameter range either orientation occurred in separately prepared samples,
although the one shown for H = 518 Gauss seemedto occur more fre-
quertly. Thus, at these elds any imperfection in the cell was not adequate
to deny accesdo one of the ideally degeneratepatterns, asapparertly had
beenthe casein the range near 440 Gauss. Above H 2, no patterns were
visible becausethe ow did not distort the director eld. Howewer, in this
range the ow becamevisible when the mean operating temperature was
raised sothat the temperature at the cell bottom exceededly, by a small
amount whenthe bifurcation wasreaded;suc experiments con rmed that
the convection at high elds did indeedconsistof parallel rolls. An example
is shown in Fig. 2.5for H = 1270Gauss.

The wavevector k hasthe two componerts gand p in the direction i (and
H) and perpendicular to A (and H) respectively. In order to determine q
and p quartitativ ely, imageslike those in Fig. 2.5 were processedfurther.
The part of the image contained within 85 % of the cell radius was Fourier
transformed (discarding the outer 15 % tended to reduce the in uence
of the sidewall). Grey-scalerepreserations of the corresponding structure
factors S(k) (the squareof the modulus of the Fourier transform) are given
in the bottom row of Fig. 2.5. The roll wavewvectors could be determined
from the locations of the peak pairs as obtained by computing the rst
momert of k over the nine pixels surrounding one of the peaks.
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Over the oblique-roll range, the critical valuesqg. and p; of g and p were
determined asa function of H . Figure 2.6 showvs 2, pZ, and k? = p2+ ¢Z and
the corresponding theoretical [25] curvesfor cell 2 (circles and squares)and
cell 3 (crosses).The lower Lifshitz point is locatedat the eld valueat which
p2 beginsto grow from zero, and the upper Lifshitz point corresponds to
the eld where ¢ vanishes.There is quartitativ e agreemen between the
measuremets for cells 2 and 3 and the theory. [25] From Fig. 2.6 it is
apparert that p2 (¢?) varies linearly with H nearH_; (H ). The implied
square-root dependenceof p. and ¢ on H near Hy; is in agreemem with
generaltheoretical predictions [48] for Lifshitz points.

Fig. 2.6. The squaresp?, ¢¢, and k? of the componerts p (squares)and q (circles)
and the modulus k (triangles) of the wavevector k as a function of the reduced
eld h = H=Hg., . These data are for cell 2. Corresponding results for two eld

values for cell 3 are given as exes. The contin uous lines are the prediction based
on Ref. 25. Adapted from Ref. 13

2.3.2 Nonlinear Properties

General remarks. Two tools have beenutilized for the study of the non-
linear states above the rst bifurcation. One of them is measuremets of
the Nusselt number de ned by Eq. (2.7), and the other is pattern visual-
ization. In order to review the available information, we will proceedfrom
high to low elds. Wewill rst discussthe nature of the nonlinear state im-
mediately above the primary bifurcation. Then we will considersecondary
bifurcations, again starting at high and proceedingto low elds.

The nature of the primary bifurcation. Represemative results for
N(T ) were given in Fig. 2.1. Additional results are given in Figs. 2.7
and 2.8. They (as well as many additional measuremets very near the on-
set of convection) revealedno hysteresisand instead suggestedthat, within
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the resolution of the experimert, the primary bifurcation is supercritical
over the ertire range h > 17 which was investigated in cell 2. [55] The
theory [25] had predicted that the bifurcation should be supercritical for
h > hi,, where hy, is an upper tricritical eld. For a systemwith the phys-
ical properties of 5CB, h;2 was expected [56] to be very closeto the lower
Lifshitz eld h_ 1 ' 245 (seeFig. 2.6). The absenceof hysteresisover the
ertire eld range seemsto be an important di erence betweenthe weakly
nonlinear theory and the measuremeis. Of coursewe can not rule out that
the hysteresisloop andthe jump in N at T . aresosmall that they simply
are not obsenable within the experimental resolution. In order to resolve

this issue, more detailed, perhaps numerical, calculations would be very
useful.
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Fig. 2.7. The Nusselt number near onset for H = 466 Gauss(h = 26:6) and cell

2. The open circles were taken with increasing and the solid oneswith decreasing
heat current.
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Fig. 2.8. Typical Nusselt numbersfor cell 2 and three di eren t elds asa function
of . Diamonds: H = 1036 Gauss(h = 59). Circles: H = 404 Gauss(h = 23:1).
Squares:H = 342 Gauss(h = 19:5). Open (solid) symbols: increasing (decreas-
ing) T .

When the bifurcation is supercritical, the Nusselt number near onsetcan
be described by
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N=1+S; +S, 2+ (2:9)

with T =T 1.A t of Eq. (2.9) to the high-eld data (h = 59.2)
for cell 2 yielded S; = 1:37and S, = 0:51. The value of S; is closeto
the theoretical prediction for the isotropic [57] and the nematic case.Feng
et al. [29 predicted S; = 1:45, in very satisfactory agreemem with the
experiment. Measuremens of S; with pure uids in circular cells of aspect
ratios similar to that of cell 2 [58] usually gave valuesof S; somewhatbelow
the theoretical prediction [57] for the laterally in nite system, presumably
becauseof the in uence of the sidewalls and of defectsin the interior. The
closeagreemen with the theory for the laterally in nite caseagainindicates
that the sidewalls have only a minor e ect on the ow in the planar NLC
case.From measuremelts with isotropic uids, S; is also negative and of
about the samesizeasfound here, but apparertly no explicit prediction of
S, has beenmade for either uid.
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Fig. 2.9. The initial slope S; of the Nusselt number for cell 2 as a function of
the eld h. The horizontal dashed line is the value measuredat h = 59:2. The
horizontal solid line indicates the range of oblique rolls (seeFig. 2.6).

For cell 2, S; wasstudied in detail asa function of h. Someof the results
are givenin Fig. 2.9. Above h ;' 33, S; was nearly independert of h, in
agreemen with the calculations. As h decreasedbelow h,, S; increased
and reached a maximum nearh ' 29. Comparisonwith Fig. 2.6 shows that
this isroughly in the middle of the oblique-roll rangewherep' g, i.e. where
the roll axesare at an angle of about 45 to the director. Perhapsthe point
of maximum S; corresponds to the theoretically predicted [25] tricritical
eld h¢,. However, for 5CB h;, had beenexpected[56] nearh_1 ' 24,which
is somewhatsmaller than the point of maximum S; in the experimert.

Even below the eld of maximum S; no measurablehysteresisoccurred.
This is shown by the data in Figs. 2.7 and 2.8. Figure 2.7 gives results
for h = 26:6 which near onsetare qualitativ ely represenativ e of the range
23 < h < 29. Here the open circles (solid circles) correspond to data
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takenwith increasing(decreasing)heat current. Near threshold, they agree
with ead other. In this range of h, actual measuremets of S; became
impossible because,as seenin Fig. 2.7, a hysteretic secondarybifurcation

(seebelow) occurs at rather small . However, the initial rise of N( ) is
very rapid, corresponding to S; > 2 and perhapsto a vertical rise. This is
not the behavior one might have expected over a range of elds below hy,.

Although there are no explicit calculations of the sizeof the hysteresisloop,
the absenceof measurablehysteresisseemssurprising. Additional Nusselt
numbers in this range are shown in Fig. 2.8 for h = 231 and 195. For
comparison, some high- eld data (h = 59) are shown there as well. The
left gure givesa broad range of and N, whereasthe right one displays
details closerto the bifurcation. Again the open (solid) symbols correspond
to points taken with increasing (decreasing) T . The steepinitial rise of
N () for h = 23:1is similar to what was seenat h = 26:6 in Fig. 2.7. The
absenceof measurablehysteresisat the primary bifurcation especially at

h = 19:5 (which should be deepin the range below hy,) is noteworthy. For
H < 380 Gauss(h < 22), S; once more is well de ned by the data, as
illustrated for h = 19:5in Fig. 2.8. Here S; has values much smaller than

typical of isotropic uids, asshown in Fig. 2.9 over the range 300 to 380
Gauss (17 < h < 22). Figure 2.8 also illustrates the dramatic di erence

(by a factor of three) in the initial slope of N ( ) betweenthe high- and the
low- eld data.

Chaos at onset. Sofar we have discussedNusselt numbers as though they
were time independert. Actually, high-resolution measuremets in cell 2
reveal that N was non-periodically time dependert immediately above on-
set over a wide parameter range. This is illustrated in Fig. 2.10. The top
part (a) givesN(t) for ' 0:01, for the two elds h = 29:9 (lower curve)
and 28.4 (upper curve) for which N was time independert. Any time de-
pendenceof the data re ects the instrumental noise and drift and initial

transients which can be explained in terms of t,. Part (b) givestwo ex-
amplesat eld valuesin the time-dependert range. There the upper curve
is for h = 27:8, and the lower one for h = 255. The data in (b) clearly
reveal time dependert states. This phenomenonhas not beeninvestigated
systematically, but it doespersistdown to the lowestvaluesof h which have
beenstudied. Here we should caution immediately that it is not possibleto
rule out that this time dependenceis a transient which evertually would
die out. If the establishmen of a steady state involvesthe director relax-
ation time, then equilibration times may well be longer than any heretofore
explored experimental time scales.As discussedn Sect.2.2, the vertical di-
rector relaxation time isty = Ft,, which is seeral days. Processegvolving
phaseadjustmerts in the lateral direction could conceiably require seweral
times tq. Nonetheless,it is interesting that even with relatively short ex-
perimental time scalesof order a few hours no time dependencewas found
near onsetfor h > 28. For now we will have to leave open the question of
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whether the chaosobsened for h < 28 is a stationary processor whether
it is a transient.

1.03 | (a) N

1.02 ]

1.03 */-fﬂ/__/u\m

1.02 |

20 30 40 50 60 70 80 90
time (t,)

Nusselt Number N

Fig. 2.10. Nusselt numbersasa function of time for cell 2 at four dierent elds.
In eadh case,the heat current was raised to about 2 % above critical at t = 0. a):
Time-independert eld range; the upper curveis for h = 284 (H = 497 Gauss),
and the lower one for h = 29:9 (H = 523 Gauss). b): Non-periodically time-
dependert eld range;the upper curveis for h = 27:8 (H = 487 Gauss), and the
lower one for h = 255 (H = 445 Gauss). Time is scaled by the vertical thermal
diusion time t, = d?= , = 242s.

The time dependenceof the Nusselt number for h < 28 is assiated
with an amplitude instabilit y of the pattern which, upon closeinspection,
is already noticeablein the imageshown in Fig. 2.5for H = 343Gauss(h =
19:6). It turns out that the envelope of the rolls uctuates in a seemingly
random manner. This is illustrated in more detail by the imagesshown in
Fig. 2.11, which are for H = 321 Gauss(h = 183) and = 0:01. The top
row shows three consecutive imagesat a spacingof one hour (15t,) which
were taken starting four hours after the heat current had been raised to
above critical (i.e. at t = 60, 75, and 90; compare Fig. 2.10). The time
dependenceof the envelope is noticeable. However, it becomesmore evi-
dent in the bottom row, which shows the envelopesitself as obtained by
Fourier demodulation of the top images.Here the envelope is clearly seen
to be uctuating. Apparently we have an exampleof spatio-temporal chaos
(or chaotic transients) immediately at onset. This was not anticipated by
the weakly nonlinear theory, [25] although one might hope that the phe-
nomenoncould be treated by weakly nonlinear methods since the bifurca-
tion is supercritical and the amplitude grows cortinuously from zero so far
aswe can tell from the experimert.

For a more detailed study of chaosin a spatially extended system one
would of course like to have a much larger sample. This is unlikely to
becomeavailable for RBC in NLCs. Howevwer, it would be worth while to
study the present sample (cell 2) in greater detail in order to seeto what
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extent the methods of dynamical systemsmay be applicable to this case
with limited spatial extent.

a b (o

Fig. 2.11. Top row: three temporally consecutive images, 15t,(1 h) apart, for
H = 321 Gauss (h = 184), ' 0:01, and cell 2. Bottom row: The envelopes of
the imagesin the top row, obtained by Fourier demodulation.

Secondary bifurcations. We now turn to the issueof secondarybifurca-
tions. There seemto be no predictions in the literature, although some
calculations appear possible[56] within the generaltheoretical framework
which has been developed. The experimental results are summarized in
Fig. 2.12,which givesthe various patterns which were found in the h
plane. Each data point correspondsto an image which was acquired after
equilibration for oneto three hours.

For H > 700Gauss(h > 40) no secondarybifurcations were encountered
over the range explored by the measuremetts ( < 0:25). In this eld range
no pattern was visible, consistert with parallel alignment. The Nusselt
numbers were well represerted by Eg. (2.10). Close inspection of Fig. 2.1
already revealsthat this is no longerthe casefor H = 622Gauss(h = 35.5).
This is demonstrated more clearly in a plot of (N 1)= vs. , asshown in
Fig. 2.13.Herethe intercept at = 0 correspondsto S;, and the slope of a
straight line through the data should have the value S,. The high- eld data
are consistert with a single straight line, i.e. with Eq. (2.10). However, at
the lower eld the data reveal a bifurcation to a new state at (> = 0:16.

Beyond | 2, the ow patterns becamevisible, and they correspondedto
obligue rolls. Thus we concludethat the obsened secondarybifurcation is a
point on aline of Lifshitz transitions emanatingfrom = Oandh_,"' 33.0.
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Sdematically this is showvn by the solid line in Fig. 2.12. Although the
Nusselt-number data in Fig. 2.13 are not as detailed as might be desired,
there seemsto be no discortinuity in N at | 5.
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Fig. 2.12. Bifurcation diagram in the -eld plane. All data points were obtained
with increasing for cell 2. The open squareson the right and left correspond to
parallel and normal rolls respectively. The circles are oblique-roll states. Here the
solid circles correspond to bimodal patterns. The bimodal region is also indicated
by shading. An estimate of the upper Lifshitz transition is given by the solid line.
The diamonds are oblique-roll states which are reached via a hysteretic secondary
bifurcation. The plussesare complicated intermediate states.
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Fig. 2.13. Eectiv e slope (N 1)= vs.e for cell 2. Solid circles: H =
1036 Gauss(h = 59). Open circles: H = 622 Gauss(h = 35:5).

Figure 2.14 shows the angle  of the roll wavewvectors relative to the
director and eld direction for eld values closeto h_,. Here we mea-
sure counterclockwise from the positive g-direction, sothat parallel rolls
have = 90 . The measuremets at h = 3552 > h,, are consisten
with  growing continuously form 90 as increasesbeyond [, ' 0:16.
The dashed line provides one possible qualitativ e estimate of the angle
for h = h_,. Clearly it would be desirable to obtain much more detailed
measuremets near the Lifshitz line | »(h). At the presen, the shape and
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location of this line are known only approximately, and there are not enough
data to decidede nitiv ely whether the bifurcation is supercritical or sub-
critical. The former seemslikely since seemsto grow cortinuously from
90 when |, is exceededand sincethe Nusseltnumbersin Fig. 2.13seem
to becontinuousat | ,. Clearly, this is a problem on which additional work
should be done. Ideally, onewould like to nd, both from experiment and
from theory, a scaling function which givesthe roll angle as a function of
some suitably de ned distance from the Lifshitz line. Theoretically, this
problem is not easybecauseit involves pattern selection from a linearly-
stable range of patterns (roll angles).
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Fig. 2.14. The angle of the wavevector relative to the director (in the counter-
clockwise direction) for seweral values of h = H=Hg.» for cell 2. The dotted line
is one possible qualitativ e estimate of () for h = hy .

The eld range518< H < 622 Gauss (29:6 < h < 35:5) was explored
only for < 0:1 (seeFig. 2.12), and over that range no secondary bi-
furcations were found. The rolls were unobsenable (parallel) for h > 33
and visible (oblique) below that eld. At H = 518 Gauss(h = 291), a
set of measuremeis was made up to = 0:25. A secondary bifurcation
was encourtered at ' 0:12. The transition was from single-made oblique
rolls with ' 125 at small to a somewhatdisordered zig-zag pattern
(plussesin Fig. 2.12) in which the old roll orientation (zig) co-existedin
di erent spatial regionswith a new (zag), less-obliqueone.In this rangethe
somewhat disordered nature of the patterns suggeststhat perhapslonger
equilibration times were neededto reach a truly steady state. As was
increasedfurther, the regions occupied by the new orientation grew, and
nally near = 0:21led to a single-made oblique state (open diamonds in
Fig. 2.12) with ' 168 . This lessoblique state was reached also via a
secondarybifurcation from the bimodal state at somewhatsmaller elds,
as shown by the diamondsin Fig. 2.12.

Proceedingto smaller elds, we encourter the rangein the h plane
over which the bimodal patterns illustrated in Fig. 2.5 for H = 461 and



Experiments on Thermally Driven Convection

477 Gauss (h = 26:3 and 27:3) are stable. This rangeis shownn in greater
detail in Fig. 2.15.Herethe left part cortains data obtained with increasing,
and the right one with decreasing . We seethat, at nite , the bimodal
region extendsto elds above h' 29. Comparison of the two parts of Fig.
2.15 shows that both bifurcations (single-mode oblique to bimodal and
bimodal to the less-obliquelarge- state) are hysteretic. This is con rmed
by detailed measuremets of the Nusselt number, as illustrated in Fig.
2.7 for the particular caseh = 26:6. In the bimodal region at relatively
large h, the angle between the rolls is pulled towards 90 as increases,
well away from the angle of the single-made state at smaller and at
the same eld. For instance, at h = 29, = 127 in the single-made
state near the primary bifurcation. Over the bimodal -range from 0.05
to 0.12, increasescortinuously with increasing from 127to 138 [an
angle of 90 betweenthe two degeneratemodescorrespondsto = 135
(or 45)]. This leadsto slightly disordered patterns, typically with single-
mode oblique rolls of a lesser very near the sidewall. For comparison,
when h = 272, = 139 nearonsetand = 143 at = 0:08 where
the bimodal pattern ceasedo be stable. For even larger , the state with
' 160 mertioned in the previous paragraph (open diamonds in Figs.
2.12and 2.15) is encourtered beyond a hysteretic secondarybifurcation.
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Fig. 2.15. Expanded view of the certral section of the bifurcation diagram shown
in Fig. 2.12. The data points in the left part were obtained with increasing, and
those in the right portion with decreasing . The symbols are asin Fig. 2.12. The
bimodal region is shaded.

At elds below h_ 1 we ernter the normal-roll regime. Here it was di -
cult to study secondarybifurcations in cell 2 becauseof the disorder in
the patterns which was discussedin the section on chaos (see Fig. 2.11).
Nonetheless,the three imagesin Fig. 2.16 for h = 20:7 indicate that there
is a transition from normal to oblique rolls near = 0:06. Although the
angle of obliquenessnever becomesvery large, it does seemthat there is
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a Lifshitz line going from hi_, to lower elds in the h plane. Howevwer,
sinceits location is somewhatuncertain and since the oblique angle is so
closeto that of normal rolls, this line was not shown in Fig. 2.12. It was
alsofound in cell 1, which gave somewhatmore clear evidencefor the bifur-
cation becauseonly a single mode existed throughout that cell. Imagesfor
h = 17:8 are shown in Fig. 2.17. Very similar results were obtained in cell
1 for H = 205, 253, and 327 gauss(h = 14:4;17:8; 23.0), with transitions
to obligue rolls at 0:07, 0:06, and 0:05, respectively.

a b Cc

Fig. 2.16. Images of convection patterns for cell 2 and H = 363 Gauss (h =
20:7). a): = 0:047.b): = 0:065.c): = 0:103.

Fig. 2.17. Images of convection patterns for cell 1 and H = 253 Gauss (h =
17:8). Left: = 0:038.Right: = 0:280. After Ref. 59

3 Homeotropic Alignment and a Vertical Magnetic Field
3.1 General Remarks

In this interesting case,the director of the conduction state is oriented
parallel to the magnetic eld and the heat ow. As for Rayleigh-Benard
convection in an isotropic uid, the conduction state hasrotational symme-
try in the horizontal plane. Thus, patterns of arbitrary angular orientation
should form unless the boundary conditions of the experiment select a
particular direction. An interesting possibility is to deliberately break the
rotational symmetry by introducing a small horizontal magnetic eld in
addition to the vertical one. This should lead to the selectionof a preferred
direction and to patterns which, near threshold, might be accessibleo the-
oretical analysis. It is apparert that this systemis potentially very rich for
the study of pattern formation. It hasonly just begunto be exploited for
this purpose.
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3.2 Heating from below
3.2.1 Theoretical Predictions

In this case,the rst instability should be a Hopf bifurcation, that is the
disturbances which rst acquire a positive growth rate should be time-
periodic. [6; 7] As the magnetic eld is increased,the threshold for convec-
tion is predicted to shift to larger values. [26;27] This was con rmed by
early experimental work on this system.[27] For su cien tly high elds the
primary bifurcation is predicted to be to a stationary state of convection.
[26] There is a codimension-two point wherethe two bifurcation lines meet.
The situation is somewhatsimilar to binary-mixture convection, [41] which
has beenstudied extensively in recert years.

As in the caseof planar alignmert, the quantitativ e aspects of the insta-
bilities are determined by the four dimensionlessparameters ;F;R, and
h. Howevwer, in their de nitions aswell asin the de nitions of the vertical
di usion time t, and the Freederiksz eld (Egs. 2.1through 2.6), we need
to replace[26] -, by , ki1 by ka3, and 1 by »=2 (for the valuesof these
parametersfor 5CB, seeAppendix B). For 5CB at 26 C we have = 272
and F = 460.

A linear stability analysiswascarried out by se\eral investigators.[7; 60
62] A very detailed analysis of this casewas preserted recertly by Feng,
Dedker, Pesd, and Kramer (FDPK). [26] These authors also provided a
weakly nonlinear analysis, and we shall brie y describe their results.

For low elds, FDPK predict that the rst instabilit y will be a subcritical
Hopf bifurcation. The critical Rayleigh number R.(H) variestypically from
about 1500at small elds to about 3400for h* 50. The details of R¢(H)
depend upon and F, and have to be computed for ead particular case.
The wavevector which rst becomesunstable is predicted to vary from
about 3.2to 4.6 asthe eld increasesfrom h = 0to h ' 50. The Hopf
frequency is expected to be between about 12 and 2 over this range. It
would not be too helpful to be more speci c here since the details of all
theseparametersdependupon andF. At h= h®"' 50 (assumingtypical
parameter valuesfor MBBA), the Hopf bifurcation line meetsa stationary
bifurcation at a codimension-two point. At this point, the Hopf frequencyis
predicted to be nite (closeto 2) and there is a discortin uity of about 10%
in the wavevector. The stationary bifurcation for h > h initially is also
predicted to be subcritical, but for h > 63 (for typical MBBA parameters)
it is expected to becomesupercritical. At h = h® ' 63, the coe cien t of
the cubic term in a Ginzburg-Landau equation vanishesand a tricritical
point is predicted for the stationary bifurcation branch.
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3.2.2 Experimental Results

Early measuremets for this system were made by Guyon, Pieranski, and
Salan[27] (GPS). Theseauthors usedthe NLC MBBA. Their samplehad
a thicknessd = 5 mm, yielding Hg.x ' 15 Gauss. It had a circular cross
section, and a diameter of 54 mm. [63] At half-height, seweral thermocou-
ples were mounted in the uid to monitor the local temperature. A heater
wire near the thermocouplesalsotraversedthe sample. It is dicult to say
whether these intrusive deviceshad an in uence on the hydrodynamics.
The temperature stability of the water baths above and below the sam-
ple was of the order of 0.01 C. GPS measuredthe onset of convection by
monitoring the responseof their thermocouplesto a temperature perturba-
tion induced by a heat pulse delivered by the heater wire. If this response
grew (decayed) as a function of time, the threshold of their system had
(had not) beenexceeded.They were also able to determine a characteris-
tic frequency from the thermocouple responseduring the transients which
led to the cornvecting nonlinear state. The results for T . are qualitativ ely
consistert with the theoretical results [26] for the laterally in nite system.
The magnitude of T . at a given eld was within 10 or 20 % of the the-
oretical value. T . increasedwith H upto H ' 580 Gauss(h' 33), and
then decreasedagain. The maximum was interpreted [26] as the predicted
codimension-two point which for the laterally in nite system is expected
at h® = 51, although it occurred at a rather low eld. The measuremets
also provided clear evidencefor hysteresisat the primary bifurcation. The
measuredHopf frequencyhad a maximum near h = 13, whereasthe theory
predicts the maximum to occur near h = 32. The frequencywas generally
of the samesizeasthe onegiven by the theory, but at the highest eld val-
uesh' 33it wasstill much larger than expectedfor h = h®. We conclude
that these experimerts clearly establisheda number of certral features of
the bifurcation. Theseinclude its subcritical nature and the time-periodic
behavior of the growing perturbations of the conduction state. However, at
the quartitativ e level there are substartial di erences betweenthe experi-
ments and the theory for the laterally in nite system.

Using the apparatus described in Appendix A, measuremeis were made
recertly in our laboratory [17] using a circular cell with d = 3:94 mm and
r = 41:9 mm (cell 4), corresponding to r=d = 10:6. The uid was
5CB. For this system,t, = 136s and Hg.x = 21:1 Gauss. Monodomain
homeotropic sampleswere prepared before ead experimental \run" asde-
scribedin Appendix A. The heat current wasincreasedin small stepswhile
the top temperature was held xed at 19 C, until convection occurred.
The heat current then was decreasedagain in small steps until corvec-
tion ceased At eadh heat-current value, the bottom-plate temperature was
measuredat one-minute intervals for two hours (' 53t,). The temperature
measuremeis and the heat current were used to determine the Nusselt
number, which is given by Eq. 2.7 with , replacedby . While the cur-
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rent was steady, images of the corvection pattern were acquired by the
computer-interfaced CCD camera.
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Fig. 3.1. Nusselt number measuremers for h = 9:4 (H = 200 Gauss), using cell
4. Open (lled) circles were obtained with increasing (decreasing) stepsin T .
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Fig. 3.2. Solid circles: Critical Rayleigh numbers for the onset of convection
as a function of h?. Open circles: Rayleigh numbers at the saddle node where
convection ceasedwhen the heat current was lowered.

Figure 3.1 shonvs N asa function of T for H = 200 Gauss (h ' 9:4).
Surprisingly, N decreasedelow one when convection started. This can be
understood becausethe conductivity of a samplewith parallel alignmert,
in which Q is perpendicular to i ( » ), is much lessthan the conductivity
of the homeotropic case( ) (seeFig. 1.1). [15] The direct hydrodynamic
cortribution to the heat ux is smaller than the decreasein the heat ux
due to the deviations of the director from parallel alignment causedby the
ow. As the current decreasedthe conduction state wasreadced at a value
of T equalto T < T ¢, shawing the predicted and previously obsened
[27] hysteresis.For small elds (H < 250G), the conduction state reached
from the cornvecting state had a conductivity lessthan |, corresponding
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to N < 1, becausethe hydrodynamic ow experiencedby the sample had
intro duced defects which reduced the average conductivity below . At
the eld value of this experiment, the elimination of defectsfrom the sam-
ple occurred on a time scalewhich was much longer than the duration of
the experiment. The visual appearanceof the conduction state reached af-
ter convection is interesting. It had the appearanceof curdled milk, with
the clusters of non-homeotropic alignment corresponding to the curds sus-
pendedin a nearly-clear badkground uid of homeotropic alignmert.

449 539 628
943 1033 1123
449 1033 Avg

Fig. 3.3. Toptwo rows: a sequenceof imagesfrom the samerun at 200Gauss(h =
9:4), taken with constant external conditions. The time elapsed since the start
of the run (in units of ty = 136 s) is given in the top left corner of eadh image.
Bottom row: Squareroot of the structure factor of two of the imagesshown above,

and the averageof the structure factor of 250 images spanning a time interval of
1123, .

From data like those in Fig. 3.1, values of the critical temperature dif-
ference T . and of the temperature di erence at the saddle node T ¢
were determined with an uncertainty of about 0.5 %. The corresponding
Rayleigh numbers are shown in Fig. 3.2 as a function of h? (solid circles:
T ¢, opencircles: T ). The solid line in the gure is the theoretical pre-
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diction, [26] evaluated for the properties of 5CB at the mean temperature
of the experiment. As can be seen,the agreemen with the measuremeis
is excellert. The small deviations at large h are probably causedby exces-
sive variations of the uid properties over the temperature interval of the
measuremeh when the temperature of the cell bottom is rather closeto
Tn1 - There are asyet no predictions for Rs. It is interesting that R is only
about 10%below R.. Nonethelessa calculation may turn out to bedi cult
becausethere is already sewere distortion of the originally homeotropic di-
rector eld by the uid ow, asevidencedby the defectsencourtered after
the conduction state is reached once more.

The pattern which ewolvesbeyond the bifurcation is extremely interest-
ing. The rst two rows of Fig. 3.3 show typical images of the ow eld
immediately above the corvective threshold for h = 9:4. By examining
relatively rapid time sequence®f images,it was found that, on the time
scale of the inverse of the expected Hopf frequency the cornvection rolls
were steady rather than travelling or standing waves.This is not in cortra-
diction to the predicted Hopf bifurcation becausethe subcritical nature of
the bifurcation leadsto a nite-amplitude state at threshold whereasthe
theory pertains to an in nitesimal perturbation of the conduction state.
A similar situation is encourtered in binary-mixture corvection, where for
a range of values of the separation ratio the convection rolls are steady
when T = T . eventhough small perturbations of the conduction state
are travelling waves.In our experimert, there unfortunately wasno way to
determine the frequencyof small-amplitude transients ashad beendone by
GPS.

On a much longer time scale,the pattern ewlved cortinuously. This is
illustrated by the imagesin Fig. 3.3, which are from a single experimertal
run with constant external conditions. They were taken at the times in-
dicated in eadh image, in units of t, = 136s, which had elapsedsince an
arbitrary origin at which the pattern already had beenequilibrated for some
time. Evenin runs of much longer duration (up to two weeksor 900,) no
steady state wasreached. The nature of the pattern did not changenotice-
ably over the eld range5 < h < 16 covered by the experiments, although
no quantitativ e studiesasa function of h have beencarried out. It appears
that the patterns are disordered both in spaceand in time, providing an
example of spatio-temporal chaos. It is interesting to note that the nature
of this chaotic state is quite di erent from the onewhich occursfor parallel
alignmert at low elds and which is illustrated in Fig. 2.11. WhereasFig.
2.11 illustrates a chaotic time dependenceof the envelope of the pattern
(amplitude chaos), the homeotropic caseconsistsof a temporal evolution
of defectsand of the relative orientation of cornvection rolls and might be
referred to as defect or phasechaos.

The bottom row of Fig. 3.3 givesthe modulus of the Fourier transform.
The transforms were baseon the certral parts of the images,by using the
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lter function W(r) = cos’[( =2)(r=ro)] for r < ro and W(r) = 0 for
r > ro. Hererp wasset equalto 85% of the sampleradius. The transforms
for t = 449and 1033show that the nature of the pattern changeddramati-
cally with time. The rightmost imagein the bottom row of Fig. 3.3 (labeled
\Avg") showsthe squareroot of the time averageof the squareof the mod-
ulus of the Fourier transform [i.e. of the structure factor S(k)]. The average
involved 250 imagestaken over a total time period of 1123, (nearly two
days). It is seento cortain contributions at all angles,consistert with the
idea of a statistically stationary processof non-periodic pattern ewvolution
and with the expected rotational symmetry of the system.
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Fig. 3.4. a): The azimuthally averagedstructure factor S(k) asa function of the
modulus k of the wavevector. b): the radially averagedstructure factor S( ) as
a function of the azimuthal angle

Figure 3.4ashaws the azimuthal averageS(k) of the temporal averageof
the structure factor for the run described above, i.e. of the lower right image
in Fig. 3.3. Both the fundamertal and the secondharmonic (corresponding
to a roll width of half a wavelength) are well deweloped, but the higher
harmonicsare soweakasto be unobsenable on the scaleof the gure. The
characteristic wavenumber of the pattern is about 3.4. This is fairly closeto
the theoretically predicted wavenumber for the mode which rst acquiresa
positive growth rate; but sincethe obserned state is oneof nite amplitude,
this agreemen is not particularly signi cant. Figure 3.4b shownsthe average
over k of S(k) asafunction of the azimuthal angle [the averageover k was
computed only in the vicinity of the fundamenrtal peak of S(k)]. Although
there is a discernablemaximum near 0:75, the angular distribution is
really quite uniform. Any remaining structure might well disappear if data
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were averagedover longer time periods. On the other hand, it could also
be indicativ e of a slight asymmetry in the experimertal cell.

326 36.4 40.3

435 53.0 68.4

97.8 128.5 163.0

Fig. 3.5. A temporal successionof images during the transient leading from
conduction to convection when T wasraised slightly above T .. The eld was
h = 9:4. The numbers are the elapsedtime, in units of ty, since the threshold
was exceeded.

It isinstructiv eto examinethe transients which lead from the conduction
to the corvecting state. This is donein Fig. 3.5. Here the number in eath
image givesthe time, in units of t,, which haselapsedsince T wasraised
slightly (1%) above T .. At t = 326, there is still no evidenceof convec-
tion; but at t = 36:4, there are noticeable uctuations in the image which
correspond to hydrodynamic ow. At t = 40:3, someof these uctuations
have grown to macroscopicamplitudes, and a front of convection is invad-
ing the quiescen uid (t = 43.5). This createsa state of nearly-straight
parallel convection rolls (t = 53). However, these straight rolls turn out to
be unstable to a zig-zaginstabilit y. The zig-zagdisturbance can be seento
grow at t = 684 and 97.4.In the end, this instabilit y leadsto the spatially
and temporally disorderedpattern shown for t = 163and in Fig. 3.3. Thus,
we seethat a secondaryinstability led to a chaotic state rather than to a
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new time-independert pattern. This phenomenonmost likely is analogous
to the one encourtered in very early experiments on spatio-temporal chaos
using liquid helium [64; 65], where ordinary RB convection becamechaoti-
cally time dependen, probably becausethe skewed-varicoseinstabilit y [66]
was crossed(one cannot be absolutely sure about this becausein the early
work there wasno o w visualization).

3.3 Heating from alove

Heating a NLC with homeotropic alignment in a vertical magnetic eld
from above leadsto an instabilit y becauseof the heat-focusing medanism
[3] discussedin Sect. 1.1, eventhough the overall density gradient is stabi-
lizing. This casewasinvestigatedin the pioneeringwork of Pieranski et al.,
[9] and by Salan and Guyon (SG). [35 A number of theoretical investiga-
tions have been performed, [3;9; 67; 68] with the most detailed and recert
one provided by Fenget al. (FDPK). [26] The quartitativ e aspects of the
problem are determined by the samefour dimensionlesgparameters ;F; R,
and h which were quoted in Sect. 3.2.

SG usedtwo cells of diameter 52 mm and of circular crosssection, and
of thickness1.0 and 0.7 mm. Homeotropic alignment was achieved by sur-
facetreatment with lecithin. The uid was MBBA, with the bottom tem-
perature held xed at 20 C. In zero applied eld, they found T . = 5.3
and 15.5 C respectively. Super cially consistert with Eq. 2.3, the ratio
15:5=5:3 = 2:92 is almost precisely equal to the ratio of the cube of the
sample thicknesses.However, for a quartitativ e comparison the Rayleigh
numbers R should be evaluated at the temperature at the midplane of the
sample.[69] This would require the kind of detailed evaluation of the uid
properties which is preseried for 5CB in Appendix B. Apparently this has
not beendonefor MBBA. The valuesof R. corresponding to the obsened
T . are of order 10, i.e. as small asin the caseof planar alignment. For
d = 1 mm, FDPK calculate T . = 4:89 C. This diers from the mea-
suremen by 8%. This di erence seemsto be within the uncertainties of
the uid properties, especially of the thermal expansioncoe cien t which
enters into R (seeEq. 2.3).

As a function of the vertical magnetic- eld strength H,, T . varied
linearly with H2. [35] This is the behavior expectedgenerallyfor a property
which should be invariant under the transformation H to H. The slope
of T ((H?) is consistert with semi-quartitativ e theoretical analysis, [70]
but a detailed comparisonwith the quartitativ etheory (FDPK) apparertly
has not beencarried out. Sofar the measuremets have beenrestricted to
rather small elds, correspondingto h 2.

Even for the linear properties of the system, much remains unexplored
experimentally. A particularly interesting prediction of FDPK is that there
is a competition between the instabilities of two di erent modes of the
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system. One is symmetric, and the other antisymmetric with respect to
re ection through the midplane of the cell. At smallH , the symmetric mode
isthe rst oneto acquire a positive growth rate as T . is increased.It has
a wavenumber which, for h = 0, is about equalto 2.8. With increasingh, it
is predicted to grow to about 4.0whenh ' 3, and to remain constart for
larger h. At h' 22 (for the properties of MBBA), the antisymmetric mode
is expectedto bethe rst to grow. It hasa wavenumber (in the horizontal
direction) which is about equalto 7, and thus should be easily distinguished
from the symmetric mode. The point at which the two marginal curvescross
is a codimension-two point where interesting resonart interactions between
thesetwo modesare expectedto occur.

In the experiments of SG, no hysteresiswas found. This is consistert
with the weakly nonlinear calculations of FDPK, which yield a supercrit-
ical bifurcation. For small H, the stable pattern closeto but above onset
consisted of squares,[9; 35] in agreemen with the nonlinear calculations
of FDPK. An exception was the thinner of the two cells, which led to
hexagonsabove onset. Howewer, in that case T . was rather large and
non-Boussinesce ects [69] are believed to be responsible for the obsened
pattern.

A particularly interesting aspect of the experiments of SG are the results
obtained whena horizontal eld Hx wasapplied to the homeotropicsample.
In the experiment, T . decreasedinearly with H2. At a critical value of
Hy, T ¢ vanished.At this point, a line of bifurcations in a non-equilibrium
system meets a thermodynamic transition, namely the Freederiksz tran-
sition at Hg. For 0 < Hy < HE, the horizontal eld breaksthe rotational
symmetry of the homeotropic casein a vertical eld, and leadsto new
pattern-formation phenomena.The pattern which rst became unstable
consisted of rolls. Beyond a secondary bifurcation, rectangles (consisting
of two setsof rolls of di erent wavenumbersat 90 to ead other) became
stable. These qualitativ e obsenations are consistert with the nonlinear
calculations of FDPK, but quantitativ e information about the secondary
bifurcation lines (such as for the rhombi in the planar case,seeFig. 2.15)
is lacking at this time.

4 Two-PhaseConvection
4.1 Theoretical Predictions

As discussedin Sect. 1.1, the governing equations for two-phasecorvec-
tion in isotropic uids were derived by Busse and Schubert. [10] The
theory ervisions a situation where the two phaseshave essetially equal
and temperature-independert properties, except for the density di erence
which is taken to be small comparedto . In that casethere are three
dimensionlessparameterswhich determine the instability. [10] They are
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Here p is the pressure,q is the latent heat per unit mass, s the density
discortinuity at Ty, and the remaining symbols have the same meaning
asin Appendix B. It turns out that the term T y,9d=C, in Eq. 4.2ais
always small in laboratory systems,although its equivalent may become
signi cant in geoplysical applications. For 5CB it is about 5 10 °® K,
and can be neglectedcomparedto any measurablevaluesof T . Then R

becomes
T

(FC)
which is simply the dimensionlesstemperature di erence acrossthe cell
when temperature is scaled by g=C,. Equation 4.3a also simplies for
typical laboratory situations becausethe slope of the phase-transition
line dTy)=dp is much smaller than the variation of temperature with
the (hydrostatic) pressurein the sample. Neglecting dTy; =dp and using
dT=dp= (T =d)(dz=dp with dz=dp= (g) ?!, we have

(4:2b)

p=__- 22 . (4:3b)

For 5CB, the physical properties vary with temperature, particularly for
T near Ty, which is involved here. However, within 10%or soR ;R ; and
P are constart. To this approximation we have R ' 4:1 10%d® with d
in cm (herewetook = 4=2 with 4 equalto the averagevalue at Ty
in the two phases).Although the heat capacity varies considerablyin the
transition region, we have approximately C, ' 2:0 J=gK near Ty, . Thus
=C, ' 0:78 K setsthe scaleof T . For P, wegetP ' 11 10'd®=T
with d®=T in cm3®=K.

The theoretical predictions are for the stability boundariesas a function
of the interface position z. It is easyto show that the interface location
(measuredfrom the cell bottom in units of d) is given by

Z:||:(||+|N) (458)

with Z 1,

I = dT (4:50)
Ts
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and Z:
In = L dT (4:5C)

In the last equation it is assumedthat the nematic layer has planar align-
mert. In the two-phaseregion the value of z varies from 0 to 1, but its
formal de nition can be extendedto the pure phases.When z < 0, the
entire sampleis nematic. For z > 1, the erntire sampleis isotropic. If the
two phaseshad equal conductivities, Eq. 4.5awould simplify to

z' (Tp Tn)=A(To To) (4:5d)

Busseand Schubert [10] madeexplicit analytic predictions of the stability
boundariesand the critical wavenumbersfor the caseR = R = 0, using
free-slip boundary conditions at the top and bottom of the sample. From
the precedingparagraphsit is clear that this is not a good approximation
for 5CB. They also consideredthe casesR 6 R = 0andR 6 R =0
and provided somegeneraldiscussiondor arbitrary R andR . However, a
speci ¢ prediction quartitativ ely applicableto the presert caseof interestis
dicult to extract form this early theoretical work. The important qualita-
tiveresult of the theory is that the more densephasecan be stably strati ed
above a lessdenseone if the temperature gradient is su cien tly large. As
discussedin Sect. 1.1, the reasonfor this is that a steep thermal gradi-
ent suppressesinterface uctuations becausethe interface is constrained
to be located at the position where the temperature equalsthe transition
temperature.

For the actual uid properties of 5CB and for rigid no-slip boundaries,
detailed numerical solutions of the equations of Busseand Schubert have
been carried out recertly by Tschammer et al. [71], and those results will
be comparedbelow with the experimert.

To my knowledge, there have been no nonlinear calculations for two-
phasecornvection. General considerationssuggestthat hexagonal patterns
should appear when z di ers substartially from 1=2 becausethen the re-
ection symmetry about the samplemidplane is broken by the existenceof
the interface. One would expect the o w direction in the hexagoncerters
to reverseasz is changedfrom z < 1=2to z > 1=2.Forz' 1=2,the system
retains the re ection symmetry if we neglectthe di erence in the properties
of the two phases,and thus rolls would be expected at intermediate values
of z. To a large extent this correspondsto the experimental ndings to be
discussedn the next section. One might hope that it could be captured to
someextent in an amplitude-equation description where the coe cien t of
the symmetry-breaking (quadratic) term dependson z.
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4.2 Experimental results

There have beenvery few laboratory investigationsrelevant to this interest-
ing problem. Qualitativ e obsenations of hexagonsand rolls in a nematic-
isotropic two-phasesystem were made by Salan and Guyon. [35 A more
extensive investigation of the patterns which form asa consequencef this
instabilit y was conducted by Fitzjarrald. [34] Recen quartitativ e measure-
ments of the bifurcation linesand of the pattern-formation phenomenawere
conducted in our laboratory. [14; 16; 71] Here we summarizethe recert re-
sults.
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Fig. 4.1. Nusselt number measuremers for cell 3 with various interface positions
z. The valuesof z are indicated near each data set. z < 0 (z > 1) corresponds to
a single-phasenematic (isotropic) sample. After Ref. 16.

As in the other investigations reported in this review, the measuremets
consisted of Nusselt-number determinations and of ow visualizations. In
Ref. 14, cell 2 (d = 0:404 cm) was used, and the temperature T; at the
top of the sample was held xed while the bottom temperature T, was
increased.This work provided an important con rmation of the theoreti-
cal prediction that a denserphasecould be stably stratied above a less
denseone. It yielded information about the bifurcation lines and excellert
pattern visualizations, but thesewere somewhatdi cult to relate to theo-
retical predictions becausez changedas T was changed.Using Eqg. 4.5a,
estimates of z have now been made and some of the results are shawvn in
Fig. 4.3abelow, but the results for the bifurcation lines probably are not
as accurate as those in the secondset of experimerts.

In the secondgeneration of experimerts, [16;71] cell 3 (d = 0:327 cm)
was used. Both the top and the bottom temperature were cortrolled, and
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from point to point they were both varied in such a way as to hold z
constart accordingto Eq. 4.5a.

Figure 4.1 shows Nusselt-number measuremets [16] for cell 3 and for sev-
eral values of z. One can seeclearly that there are two bifurcation points
for a range of z. Specically for z = 0:15; 0:22; 0:67; and 0:80 there is
corvection at small T , no corvection (N = 1) at intermediate T , and
corvection again at large T . The instability at small T is attributable
to the medanism assaiated with the interface (see Sect. 1.1). At large
T , the instabilit y is causedpredominartly by the Rayleigh-Benard med-
anism (of coursein detail there is an interaction betweenthesetwo). The
region at intermediate valuesof T which corresppndsto N = 1 is the
re-ertrant region where the densephaseis stably stratied above the less
denseone. Over the range 0:22 < z < 0:68, this re-ertrant range does not
exist and convection driven by the interface instabilit y evolvescortin uously
into Rayleigh-Benard cornvection.
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Fig. 4.2. The critical temperature dierence T . as a function of the interface
position z for cell 3. For z < 0 (z > 1) there is no interface, and the entire sample
is nematic (isotropic). The dash-dotted lines in these single-phase regions are
based on the properties at the mean sample temperature as given in App endix
B, and on R, = 1708. The dotted line is the theoretical estimate [10] of T .
based on the approximation R = R = 0 which is not very good for 5CB. The
open circles are numerical evaluations by Tschammer et al. [71] of the complete
equations given in Ref. 10. The solid circles are the experimental results from
Ref. 16.

In Fig. 4.2 the bifurcation points [16] for cell 3 determined from Nusselt
number measuremets like those in Fig. 4.1 are shonn as solid circles.
The vertical dashed lines show the boundaries of the two-phaseregion.
As already demonstrated for cell 2 by Fig. 2.3, the size and variation of
T ¢ in the single-phaseregionsz < 0 (nematic) and z > 1 (isotropic) can
be explained in terms of the temperature-dependert uid properties near
the phasetransition. The dash-dotted lines in these regionswere obtained
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from the properties at the mean sampletemperature as givenin Appendix
B, and by setting R; in Eqg. 2.3 equal to 1708 as is appropriate for the
isotropic phase as well as for the planar nematic samplein a large eld.
The agreemen with the data in both phasesis excellert, and well within
what might have been expected on the basis of the uncertainties in the
uid properties.
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Fig. 4.3. A survey of the patterns which have beenencourtered. a) is for cell 2,
and b) for cell 3. The plussesconnectedby solid lines are the measuredbifurcation

points. The vertical dashedlines are the boundaries of the two-phaseregion. The
dash-dotted lines correspond to R: = 1708in the single-phaseregions. The types
of patterns, with referenceto examples shown in Fig. 4.4, are as follows. Solid
squares: parallel rolls (4.4a). Open circles: white cellular ow (4.4b, 4.4c). Solid
triangles: parallel rolls with defects (4.4d). Exes: oblique rolls with defects (4.4e,
4.4f, 4.4qg). Open diamonds: Irregular circular patterns (4.4n, 4.40, 4.4p, 4.4Q).
Open triangles: disordered rolls. Solid circles: black cellular ow (4.4h, 4.4i, 4.4k,
4.4]). Open squares:normal rolls (4.4m). After Ref. 16.
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Even though it is not really applicable to the experimertal system, we
show as the dotted line in the two-phaseregion (0 < z < 1) an evaluation
of the prediction of Busseand Schubert for R = R = 0 and for free-slip
boundary conditions. It is consistert with the data for z closeto 0 and 1. As
expected,it doesnot describe the physical systemfor intermediate valuesof
z. An evaluation of the complete equationsof Busseand Schubert, using the
properties of 5CB givenin Appendix B and rigid boundary conditions, was
carried out by Tschammer et al. [71] Their results are shovn by the open
circlesin the two-phaseregion. They agreerather well with the experiment
and capture the main physical ingredient missed by the approximation
R = R = 0, namely that the two-phaseinstability cortinuously ewvolves
into the Rayleigh-Benard instabilit y as parametersare varied.

a b C d
e f g h
i k m

Fig. 4.4. Examples of patterns encourtered in cell 2. They are for the following
valuesof T in K and z in units of d: a.) 5.27, 0.071; b.) 4.69, 0.149;c.) 0.92,
0.482; d.) 3.94, 0.228; e.) 4.61, 0.321; f.) 5.12, 0.380; g.) 1.62, 0.539; h.) 2.74,
0.600; i.) 4.92, 0.768; k.) 5.04, 0.841;1.) 5.99, 0.865; m.) 7.67, 0.894; n.) 0.99,
0.514;0.) 0.99,0.514; p.) 0.97,0.505; g.) 1.09, 0.560. After Ref. 16.
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Linear theory [10; 71] predicts a wavenumber for the mode which rst be-
comesunstableas T isloweredfrom the re-ertrant conduction regioninto
the corvecting state which divergeswhenz ! 0Qor z! 1. Qualitativ ely,
the theory predicts a wavelengthcloseto 2z or 2(1 z) whenz is closeto 0
or 1. In the experiment this wasnot found. The obsened wavenumber [16]
was independert of z and closeto 2.5. Presumably this di erence between
experiment and theory is dueto nite-amplitude e ects in the experimental
system.

The pattern-formation phenomenawhich occur in this system are very
rich. In Fig. 4.3the typesof patterns which wereencourteredin the T z
plane are documerted. Here Fig. 4.3ais for cell 2 and for runs in which
T¢ was held xed. As can be seen,the points fall on trajectories which
correspond to Eq. 4.5d with T; xed. They yield T ! 1 asz! 1.
Figure 4.3b shows which patterns were encourtered in cell 3, following a
path of constart z. There is qualitativ e similarity betweenthe results for
the two cells with their dierent experimental paths, although there are
guantitativ e di erences. Presumably the di erences are due primarily to
the fact that most of the bifurcations which are encourtered are subcrit-
ical, thus allowing for bistability. Actual examplesof the patterns which
were encourtered are displayed in Fig. 4.4. We now discussthe patterns,
proceedingfrom small to large z.

For z < O (i.e. in the nematic single-phaseregion), we believe that the
convection patterns consisted of parallel rolls (roll axesparallel to H) as
expected for the large horizontal eld usedin these experiments and as
discussedin Sect. 2.3.1. Howeer, theserolls were not visible becausethey
did not distort the director eld. They becameobsenable in cell 2 when
T becamelarge enoughfor the samplebottom to becomeisotropic, cor-
responding to z small but greater than zero. An examplefor z = 0:071is
shown in Fig. 4.4a (seealso the caseH = 1270 Gauss in Fig. 2.5), and
the points at which such patterns were obsened in either cell are shovn as
solid squaresin Fig. 4.3. At large T (i.e. in the \Rayleigh regime") the
parallel rolls persistedup to z ' 0:1 or 0.2. Below the lower bifurcation
line (in the \t wo-phaseregime") only the cellular o w discussedn the next
paragraph was obsened at small z.

As z increasedfurther, the patterns becameonesof cellular ow with
bright certers. Sincethe o w visualization doesnot have a simple relation-
ship to the velocity eld (seeAppendix A), it isdicult to say for sureon
the basis of the experiment whether this correspondsto up ow or down-
ow at the cell cernter. As discussedin somedetail by Fitzjarrald, [34] one
expects plumes of isotropic uid to rise from the thin isotropic layer at the
bottom of the cell. Examples for cell 2 are shown in Fig. 4.4b and 4.4c.
When the cells rst appeared,they were aligned along the axesof the rolls
which existed at smaller z and somewhatdisorderedwith respect to their
position along theserolls (Fig. 4.4b). As z increased,the cells becameor-
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ganizedon a hexagonallattice (Fig. 4.4c). However, the preferred direction
imposedby H was still noticeable. Whereasa perfect hexagonal pattern
can be described by three wavevectorsof equal magnitude at anglesof 120

relative to ead other, even the well-organized pattern in Fig. 4.4c (which
had beenequilibrated for a long time) did not fully re ect this symmetry.
Fourier analysis of its certral portion revealedthat two of the wavevec-

tors, at angles = 152and 220 relativeto the eld, had essetially equal
moduli of 2.86 and 2.89 respectively (length is measuredin units of d).
The third wasat = 955 with a dierent modulus of 3.15. Although

no systematic study of this asymmetry has beenconducted, it is apparert
that there is a similarity to the rhombi obserned by Ouyang et al. [52; 53]
in chemical patterns which were mentioned already in connectionwith the
bimodal patterns discussedin Sect.2.3.1.

Further increaseof z, to valuesnear 0.2 or 0.3, led to parallel rolls with
somedefectssud asgrain boundariesand dislocations, and to curvedrolls.
Except for their dominant orientation, these patterns are similar to those
found for Rayleigh-Benard convection in isotropic uids. [72] An example
is shown in Fig. 4.4d. In cell 2, these patterns beganto assumean oblique
preferred direction asz wasincreasedfurther, asseenin Figs. 4.4eto 4.4q.
These obligue rolls are indicated by exesin Fig. 4.3a. At large T , they
occurred for 0:3 z 0.5 (4.4e and 4.4f). At small T , cellular ow
prevailed to larger valuesin cell 2, and disorderedoblique rolls (4.4g) were
encourtered near z = 0:6. These latter oblique states di ered from those
at larger T in that the foci near the walls were black rather than white.
Presumably the ow elds for the two casesare reversedrelative to eath
other. Cell 3 did not have any oblique states, and instead had disordered
rolls at values of z near 0.5. Their points of occurrence are indicated by
the up-pointing open triangles in Fig. 4.3b. The patterns often assumeda
single circular or spiral shape which lled the cell, although usually there
were also somedefectsin the pattern. Interestingly, in this parameterrange
there was no evidenceof anisotropy in spite of the large magnetic eld.

For z above about 0.6, cellular o w with dark certers occurred. Examples
are shown in Fig. 4.4hto 4.4l, and the points of occurrenceare givenin Fig.
4.3 as lled circles. At modest T and z near 0.6, the cells were organized
on a hexagonal lattice (4.4h). With increasingz and T , they became
aligned along normal rolls (i.e. with the roll axesnormal to the eld) as
shown in Fig. 4.41 and as might be expected when the Benard regime is
entered.

For z above 0.9 and near the right phaseboundary, well ordered normal
rolls occurred as shovn by Fig. 4.4m.

The occurrenceof parallel, oblique, and normal rolls is easyto rationalize
gualitativ ely in terms of what is known about convection in the nematic
phase.As the nematic layer becomeghinner, the Freederiksz eld becomes
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larger sinceit is proportional to (1 z)'*2. Thus, the constart applied eld

of 1200 Gauss corresponds to a decreasingdimensionless eld h. Conse-
quertly, the systemis taken from the parallel-roll regime past the upper
Lifshitz eld through the oblique-roll regime and nally into the normal-
roll range (seeFigs. 2.6 and 2.12). Somewhat surprising is the signi cant

existencerange in the two-phaseregion of parallel rolls at small z and of
normal rolls for z near 1. In spite of the broken up-down symmetry, these
are encourtered instead of cellular ow. Apparently there is a competition

betweenthe stabilization of rolls by the eld and the symmetry-breaking
e ect of the interface which should lead to cells or hexagons. However,
most curious of all, and so far as | can seetotally beyond explanation in

terms of qualitativ ely known pattern-formation phenomena,are the shapes
represerted by Figs. 4.4nto 4.4q. Theseare identied in Fig. 4.3 as open
diamondsand have beenreferredto asirregular circular shapes.They seem
to be stable patterns of this system. For instance, Fig. 4.40 was taken un-
der the sameexternal conditions as Fig. 4.4n, but after an additional 150
minutes (approximately 50 t,) had elapsed.Any changesare very minor.

Although theseshapesat presert have no rational explanation in terms of
known physics, they do have considerableesthetic appeal.
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A Experimental Methods
A.1 Apparatus

In this section we describe an apparatus built for the study of corvec-
tion in a thin horizontal layer of uid heated from below or above. [13] A
schematic diagram (not to scale[73]) is given in Fig. A-1. The apparatus
had a circular cross section. The base was made of poly(vinyl chloride)
(PVC). [74] The bath water entered and left through it, as indicated by
the dashedlines with arrow headswhich indicate the o w direction. The
o w rate was approximately 200 cm3=s. Before entering the base,the bath
water was cooled via a heat exchanger by a separatewater circuit which
was regulated by a Neslab Model RTE-110D refrigerated circulator and
had a temperature stability of about 0.1 C. The conductivity cell and its
cortainer (to be calledthe can) werelocated at the certer of the apparatus.
All electrical connections(not shown) were brought through a 0.63cm OD
Tygon tube from the can through the bath to the base,where they were
terminated at connectors. The incoming water passedover the bath ther-
mistor, [75] which in conjunction with an8 heaterin the inlet section(not
shown) was usedto cortrol the temperature. [58; 76] The heater consisted
of approximately 25 m of AWG No. 30 single-strand te on-insulated cop-
per wire stu ed into the inlet section, with the endsbrought out through
watertight feedthroughs.The intimate contact betweenthe heater wire and
the water permitted relatively uniform heating of the water. The incoming
temperature-cortrolled water o wed around the can and provided a stable
thermal ervironment. The water then passedthrough a o w distributor,

which directed it in the form of 30 jets over the top sapphire plate of the
conductivity cell. [58] After passingover the sapphire top of the sample
cell, the water returned outside of the incoming ow. A thin layer of in-
sulating material (seeFig. A-1) was provided between the incoming and
outgoing water. Sincethe water temperature had beenraised by the heat
ux through the cell by at most a few mK , the out o w provided excellert
thermal protection from any heat ux emanating from the outside through
the sidewalls of the apparatus. This becameparticularly important during
the measuremets in a vertical eld, sincethe magnet dissipated consid-
erable power and provided a high ambient temperature (40 to 60 C) for
the convection apparatus. The out o w was collectedin an annular channel
(not shown) connectedto the inlet side of a small certrifugal pump. The
top of the apparatuswasa ange which contained an optically at window
with a diameter of 10 cm. Through it, the sample could be viewed from
above by a computer-interfaced video camera.

The main distinction of this apparatus relative to others in our labora-
tory is that it is constructed ertirely of non-magnetic materials so as to
facilitate work in externally applied magnetic elds. The primary material
of construction was aluminum. In order to make it corrosion resistart, all
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parts in contact with water were magnaplated. [77] All radial dimensions
were kept reasonably small so that the apparatus would t between the
pole piecesor into the bore of our magnet.
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The cell was located in the can which had an inner diameter of 12.76
cm and a height of 6.35cm. The top plate of the cell was a single-crystal
sapphire disk with a diameter of 10.16 cm and a thickness of 0.327 cm
which was sealedinto the top ange of the can by an O-ring (not shown).
The C-axis was oriented perpendicular to the disk. The atness of the disk
was determined with an optical at, and was found to be about 1 m (4
fringes) acrossthe radius. The bottom plate was an aluminum disk with a
diameter of 10.16cm and a thicknessof 1.11 cm. Its upper surfaceinitially
was diamond machined, but at later stageswas polished. It was also at
to about 1 m . The cell wall was machined from Delrin, and had a height
which wasuniform to 5 m . The sealwhich con ned the uid wasprovided
by a Viton \O"-ring outside the Delrin cell wall, asshown in Fig. A.1. The
bottom plate was held up by an acryllic retaining ring, which in turn was
attached by six 8-32 machine screws(not shown) to the top ange of the
can. Adjusting the tension in the screwswhile examining the cell under an
expanded laser beam made it possibleto reduce the variation in the cell
thicknessto lessthan 2 m .

A 90 metal-Im heater [78 with a diameter of 8.9 cm was attached
with adhesiwe to the lower surfaceof the bottom plate of the cell to provide
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uniform heating. The temperature of the bottom plate was measuredwith
athermistor [75] which wasepoxied into a holethat was0.2 cm in diameter,
3.5cm deep,and drilled radially inward from the side at mid-height of the
plate. The rst 5 cm of the thermistor leadswere placed in good thermal
contact with the plate alongits periphery.

Four cell geometries,identi ed ascell 1, cell 2, cell 3, and cell 4, have been
used.For cells2, 3, and 4 the sidewall had a circular horizontal crosssection,
with an inner diameter of 8.38cm and an outer diameter of approximately
9.2cm. The thicknesswas0:404 0:001cm for cell 2,0:327 0:001cm for cell
3,and 0:394 0:001cm for cell 4. The exterior side of the wall was shaped
to the curvature of the Viton O-ring which sealedthe cell. Approximate
certering of the sidewall underneath the sapphirewasassuredby an acryllic
alignmert ring (not shown in Fig. A.1). Two Il lines[79] of 0:10 cm outer
diameter passedthrough the O-ring and sidewall on opposite sides and
werecut o ush with the inside of the wall. After the cell was lled, the
two lines were connected[79] to ead other and stored immediately below
the cell bottom in the can. The cell bottom was protected thermally by
three layers of \bubble" paper (not shawvn), with a combined thicknessof
about 0.6 cm which was just adequateto Il the interior of the retaining
ring. The spacebelow the bubble paper and retaining ring contained only
air. A layer of open-pore foam (not shown) surrounded the retaining ring
and bottom plate and just lled the spacebetweenthis ring, the plate, and
the can wall. Cell 1 was similarly constructed, but had a rectangular cross
section.

A.2 Magnets

A horizontal magnetic eld could be provided by a twelve-inch low-
impedanceVarian electromagnet(V-3600 Series)with a pole gap of about
19.5cm. The pole pieceswere shaped so asto optimize the uniformity of
the eld over the samplevolume. We measuredthe eld variation in the
region of the sample,and found it to be no morethan 0:15%. Figure A.2
shows the measured eld variation as a function of position in the direc-
tion of the eld and through the certer of the sample.Using a HP Model
6269B power supply, we were able to generate elds up to 1500 Gauss.A
characteristic Freederiksz eld (seeEg. A.9) is near 20 Gauss for our cells.
The available eld of about 75 Hg wasadequateto generatemono-domain
parallel samplesafter annealing for an hour or so.

Vertical elds were generatedby a home made magnet which consisted
of four horizontal coils with their vertical axes coincidert with the axis
of the apparatus. The coils were designedso as to provide a eld at the
horizontal midplane of the magnet and cornvection apparatus which was
uniform within 0.1 % over a radial distance of 5 cm, spanning the ertire
sample. Using a Hewlett Padkard Model 6024A power supply, elds up to
400 Gausscould be generatedwith this system.



Guenter Ahlers

A.3 Surface and Sample Preparation

Near the con ning horizontal plates, homeotropic or parallel alignment
can be achieved by appropriate surfacetreatment. [80] Both polished alu-
minum and optically- at sapphire discsof diameter 10cm were successfully
prepared for homeotropic alignmert as follows. [81] A few tenths of a cm?
of a 10 % solution of lecithin in chloroform was applied to one of the care-
fully cleanedsurfaces,and immediately the other clean surfacewas wrung
againstit, yielding a thin bubble-free Im of the lecithin solution between
the plates. After separation of the plates, essetially by \sliding" them
apart, the treated surfaceswere immediately rinsed with generousquarti-
ties of chloroform. There remainedan adequate Im of lecithin, which after
evaporation of the chloroform was heatedat 80 C for 20 minutes or more.
The surfacesshould not be touched after the treatment asthe lecithin Im
is easily disturbed. Parallel alignment was promoted by spin-coating the
plates with a 0.05% solution of poly(vinyl formal) in formaldehyde, and
rubbing with cloth in a uniform direction after the Im had dried. [80]

For the convection studies, a sample thicknessd of a few mm was re-
quired, and the surface alignment was not su cien t to eliminate various
defectsfrom the bulk. In the parallel case,wherealarge eld wasavailable,
the sampleswere annealedfor an hour or soin a eld of 1.5kGauss (about
75 Hg). This produced a defect-freemonodomain sample.

The magnitude of the readily available vertical eld was more limited.
Defect-free homeotropic sampleswere prepared by applying 340 Gauss
(about 16 H.¢) while cooling the bath, and thus the sapphiretop plate of
the sample,from T > Ty, to T < Ty, . During this process,the bottom
plate naturally lags behind, and thus an adversedensity gradient exists.
In the two-phaseregion even the relatively small thermal gradients assai-
ated with small cooling rates induce corvection (seeSect. 4, Fig. 4.2). This
leadsto a nematic samplewith defectswhich remain frozenin if cooling is
too rapid and the eld is too small. Theseimperfectionsin the generally
homeotropic samplecan easily be seenin ambient light. A defect-freesam-
ple could be prepared by using cooling rates of 1 C=h in the presenceof
340 G over the temperature interval 36 to 34 C (Ty; = 351 C) and an-
nealing at 34 C for an hour or two. At that temperature the defectshealin
the presenceof the magnetic eld on areasonabletime scale,and a perfect
homeotropic sample can be obtained. Further cooling can then be at least
ten times as rapid without introducing new defectsbecausethe threshold
for convection in the nematic phaseis large. Before ead experimental run,
a defect-freemonodomain homeotropic sample was prepared.

A.4 Flow visualization

Sampleswith parallel alignment were opaque when the thicknessis a few
mm. [13] They had a milky-white appearancein ambient light becauseof
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diuse light scattering from the director uctuations near the surface of
the sample.The intensity of the scatteredlight wasin uenced by the local
director orientation, and thus hydrodynamic o ws becamevisible. The op-
tical cortrast was, however, quite weak, and signal averaging was needed
to obtain clearimages.The homeotropic sampleswere translucent even for
d' 4mm. It was just about possibleto seefeatures of the bottom plate
in typical ambient lighting. Becausemuch of the light penetrated beyond
the surface, they had a darker appearancethan the sampleswith paral-
lel alignment. Any hydrodynamic o ws, or domain walls in multi-domain

samples, were easily visible in this phase becausethe resultant director

distortion generatedopaqueregionswith enhanceddi use scattering near
the convection-roll or domain boundaries. For either alignment, it should
be kept in mind that the optical signal in the imageshad a complicated
relationship to the hydrodynamic ow elds, andthat quartitativ e informa-

tion about velocity or temperature- eld amplitudes could not be obtained.
Nonetheless,regions of weak or strong ow were distinguishable, as seen
for instancein Fig. 2.11. Sudh quartities asthe wavewvector of the hydrody-

namic elds could of coursebe determined quartitativ ely (seefor instance
Fig. 2.6).

The sample was illuminated from above by a circular uorescent light.
Digital images were taken through the circular illumination by a video
camera which was interfaced to a computer. Typically 50 to 200 images
were averagedto improve the signal-to-noiseratio. Averagedimageswere
divided by an appropriate referenceimageto reducethe in uence of lateral
variations in illumination and of other optical imperfections. Someimages
were processedurther by ltering in Fourier space.

B Physical Properties of 5CB

In the main body of this review it has becomeapparert that knowledge
of the physical properties of the NLC usedin the experiment is necessary
for the comparisonwith theoretical predictions of, for instance, the bifur-
cation lines, the critical wavevectors, and the nature of the bifurcation.
A survey of the literature yielded the set of physical properties of 4{n{
pentyl{4 ¥cyanobipheryl (5CB) [50] given below. For convenience,closed-
form expressionswere t to the data in most cases.Thesefunctions t the
measuremets within their uncertainties and over the ertire temperature
range spannedby them. As an example, the numerical values of the func-
tions aregivenat 26 C, i.e. at atemperature well inside the nematic range.
Throughout this section, cgsunits are used. Where needed,the molecular
weight of 5CB was takento be 249.4g=mole.



Guenter Ahlers
B.1 Density

The density was measuredwith high accuracy over the temperature range
25 C to 40 C by Dunmur and Miller. [82] For T < Ty, their data are well
represerted by the function

= o+ Pt (B:1a)

Here
t T=Tni 1 ; (B:2)

and T and Ty, are the temperature in K and the nematic-isotropic tran-
sition temperature in K respectively. [83] For T > Ty, the range of the
data is very limited and a linear relation

= o+ 1(T Tni) (B:1b)

ts the data well. The parametersare

9= 1:01138g=cm® ; (B:3a)

0
9 = 0:19049g=cm® ; (B:3b)
z= 0165 ; B:3c
(B:30)
0 = 1:00926g=cm® ; (B:3d)
1= 0:000894g=cm’®=K : (B:3e)

The thermal expansioncoe cien t may be obtained by di erentiating Eq.
1, and is given by

= (1=)[3@ 2)=Twlitj * (B:4a)

for T < Ty, and by
= 1= (B4b)

for T > Ty, . According to the original authors, has an accuracy of
about 10 %. Obviously, becomesmore uncertain when the formulas are
extrapolated into the temperature range wherethere are no measuremets.
At 26 Cwehave = 1:0215g=cm®and =91 10 *K 1.

B.2 Specic Heat

Measuremerts of the specic heat C, seemto have been made only in
the immediate vicinity of Ty, . [84;85] At 31 C, it is very closeto 588R,
where R = 8:314 J=mole K is the gas constart. For lower temperatures,
C, is relatively una ected by the phasetransition. Comparison with the
heat capacity of MBBA [86] (which was measured over a wider range)
suggeststhat a decreaseof C, with decreasingT of 0:16R per K should be
a reasonableapproximation at lower temperatures. At temperatures closer
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to Ty, the singularity needsto betakeninto accourt; but no t to the data
hasbeendonesofar. Above Ty, Cp = 549R at 38 C. Again a comparison
with MBBA suggeststhat it should remain essetially constart up to 42

C and then rise perhapsat the rate of 0:07R per degree.Near Ty, Cp has
to be obtained from the original data. [84; 85] A table derived from Fig. 3 of
Ref. 84 is reproducedbelown. At 26 C we estimate C, = 1:93 10’erg=gK .

Table B.1. Selectedvaluesof Cp near Ty, from Ref. 84.

T TN| Cp=R T TN| Cp=R T TN| Cp=R T TN| Cp=R

-4.16 59.0 | -3.01 60.0 -2.24 61.3 | -1.67 62.8

-1.34 | 642 | -1.10 | 655 | -0.87 | 642 | -0.70 | 68.8

-057 | 70.2 | -049 | 715 | -039 | 73.0| -0.31 | 74.9

-028 | 763 | -0.22 | 776 | -0.18 | 794 | -0.15 | 814

-4.16 | 59.0 0.05 59.0 0.22 58.1 0.66 56.5

151 55.6 2.66 55.1 3.50 54.9

B.3 Anisotropy of the Diamagnetic Susaptibility

Measuremers of the anisotropy , of the diamagnetic susceptibility have
beenmade by sewral authors. [87 89] The results of Frisken et al. and
of Sherrell and Crellin (SC) agreewith ead other within two or three %;
but those of Buka and de Jeu are lower by 10 % or so. Since , is needed
in the determination of the Frank elastic constarts from measuremets of
the Freederiksz eld, the earlier two resultsfor 5 were carefully evaluated
by Bradshaw et al., [90] who preseried argumerts in favor of the data by
SC. Sincefor our purposes 5 is neededprimarily to calculate Hg from
and the Frank constart ki1 or ki3, and sincethe data for ki; werein part
obtained from measuremets of Hg usingthe SCdata for 4, we will adopt
the SC data for 4 in our work. The consistencybetweenthe SC and the
Frisken et al. results, as well as the consistencybetween Frank constarts
derived from magnetic measuremets using 5 on the one hand and from
electric eld measuremets which do not involve , on the other, suggest
that the SCresults for , are probably reliable within 2 % or so.

The SCdata canberepreserted by a function givenby the authors which
reads

a=Ac+ AL (The T A (Tt T)+As (Tnr T)? (B:5)
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with
Ao= 7:061 10 8cmi=g ; (B:6a)
A;= 2717 10 8cmi=g ; (B :6b)
A, =1:315 10 8cmi=g ; (B :60)
Az =5791 10 *cmi=g ; (B :6d)
n= 0:7935 : (B:6€e)

At 26 C,wehave ,= 0:112 10 Scm3=g.
B.4 The Frank Elastic Constants

The three elastic constarts ki;; ka2, and ksz of 5CB (splay, twist, and bend
respectively) have beendetermined by various authors. Among many of the
measuremets of k11 and ki3, [91 96] there generally hasbeenonly semi-
guantitativ e agreemet with a spreadof over 10%. Much of the discrepancy
can be traced to the useof di erent valuesof , to extract ki from Hg
measuremets. This issueapparertly wasresolved by two independert sets
of measuremeits by Bradshaw et al. [90] which agreed with ead other
and which usedelectric eld methods on the one hand and magnetic eld
methods on the other. A third set of independen results using electric and
magnetic eld methods by Hopwood and Coles[97] likewiseis in agreemert.
In addition, the light scattering measuremets of k;; by Colesand Sefton
[98;99] also agree within 1 or 2%. We will adopt the values for ki; and
ki3 given by Bradshaw et al. [90] in tabular form, and estimate that they
have an uncertainty of perhaps2%. Valuesof ky, seemto be more di cult
to obtain. We will usethe light scattering results of Colesand Sefton [98]
which the authors believe to be accurate within 4%. Con dence in these
resultsis strengthenedby the sameauthors' results, obtained with the same
technique, for k1; which agreedso well with the Hr measuremets.

In order to obtain a cornveniert closed-formexpressionfor k; , we t the
experimental results to the power law

ki = Kio + ki1 jtj"" (B:7)
and obtained the following parameter values:
kio = 1:85 10 7 dynes ; (B :8a)
ki1 = 26:41 10 7 dynes ; (B:8h)
wp = 0:527 (B:8c)
koo = 1:43 10 7 dynes ; (B:8d)
ko1 = 1658 10 ' dynes ; (B:8e)

wo = 0:534 ; (B:8f)
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kso = 2:25 10 7 dynes ; (B:8g)
ks; = 5554 10 7 dynes; (B:8h)
w3 = 0:649 : (B:8i)

Heret is given by Eq. B.2. At 26 C, we have ky; = 0:595 kpp = 0:377; and
ki3 = 0:786 dy nes.

B.5 The Frealericksz Field

We are now in a position to estimate the Freederiksz eld Hg for a par-
ticular geometry. It is given by

Heo = ( =d)(knn= a)*™? (B:9a)
for parallel alignment of the director or by
Hey = ( =d)(ksz= a)*™ (B :9b)

for homeotropic alignment. At 26 C and for a samplethicknessof 1 cm we
have Hg.» = 7:16 Gauss and Hg. = 8:23 Gauss.

B.6 The Viscosity Coe cients

There are six viscosity (Leslie) coe cients ;to g, with only v e of them
independert by virtue of the Onsagerrelation

2t 3= 6 5 ! (B:10)

The physically measuredquartities generally are not the ;'s, but rather
the shearviscosities 1; »; 3; and 1. They are related to the 's by

1=(1=2)( 2+ a4t 5) ; (B:11a)
2= (1=2)( 3+ 4+ ) ; (B:11b)
3= (1=2) 4 ; (B:11c)
and
2= 1 (B:11d)
The shearviscosity 3 = 4=2 turns into the Newtonian shear viscosity

of the isotropic phasefor T > Ty,. Another experimentally accessible
quantity is 1, which is related to the ;'s by

1= 3 2 (B:12)

The shearviscositieswere measuredby Kneppe et al. [100 Their results
for 12 give 1. Thecoecient jisquite small,and hassometimesbeenset
to zero. However, it was measuredby Skarp et al., [93] and we shall adopt
their values. The viscosity 4 is givenby Eg. (11c) and the measuremets
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by Kneppe et al. From their results for ; and , we obtain , via , =
2 1 3. Similarly, for s wehave =2, 3 4. Equation (10)
now gives s. This set of viscositiesservesus asa rst approximation to
the best available values.

In addition to the shear viscosities, there are apparertly very good re-
sults obtained by light scattering [98; 99] for the coe cient ;. Thesesame
measuremets have alsoyielded valuesfor the elastic constarts ki1 and ky;
which werein excellert agreememn with measuremets by other techniques
[90] as discussedabove, and thus it seemsappropriate to adopt best esti-
mates of the viscositieswhich are consistert with these ; determinations.
It turns out that the measured ; valuesare from 2 to 18 % smallerthan the

3 2 valued we have adopted above. Therefore we adjusted , upwards
soasto achieve agreemen with the ; measuremets ( 3 is so small that
it seemedunreasonableto adjust its value). In order to retain consistency
with Eqg. (10), s wasdecreasedand ¢ increasedby equal amourts.

Table B.2. The coecients j of Eq. B.13 for the viscosities.

i 1 2 3 [am)|4aG | 5 6

io| -2.17 |-27.17| -1.74 | 46.69|51.83| 20.26 | -8.33

i1 0.0620| -5.14 | -0.353|0.871| 2.133| 4.501 [-1.276

i2 |-0.0612| -0.044| 0.0094| 0.110| 0.039| 0.0198| 0.017

The best estimatesfor the ;| were t to the equations
iz ot 1 (Tni T+ 2(Thr T)? (B:13)

The coe cien ts are given in Table A-2. In the caseof 4, the column
labeled (n) pertains for the nematic phase, and the one labeled (i) is for
the isotropic phase.At 26 C, we have 0:066, 0:77; 0:042;0:634;0:624;
and 0:184dyne s=cn? for 1 to ¢ respectively.

B.7 The Thermal Conductivity and Di usivity

The parallel and perpendicular thermal conductivities were measuredin
our laboratory [15] for 19 < T < 48 C, using the convection apparatus
described in Appendix A. The results were displayed in Fig. 1.1. The ex-
periment yielded results for , and | with a precision of 0.1 % and an
accuracy of one or two %. Of particular interest is the anisotropy ratio

k= -, which was determined with an accuracy of about 0.5 %. Within
their precision, the data could be represered by
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= ot 1 (T Tni)*+ s B:l4a
where ¢ is a singular cortribution. The clearing point Ty, had beende-
termined independerily by visual obsenation, and had been found to be

35.17C. For T > Ty, there was no evidencein the data for a singular
part, and s wassetequalto zero.Below Ty,

s;k = 1,k (Tc T) « B:14b
for  and

s? = 1.7 (Tc T) ? B:14c

for .. A t to all the data gave the parameters

0= 1512 10* B:15a
1= 370 B:15b

1k = 4026 10° B:15¢c
12 = 1:448 10° B:15d
T, = (36:06 0:06) C B:15
« = 0:237  0:004 B:15f

» = 0:172 0:005 B:159

where isin erg=scm K . The results for the two conductivities below Ty
givethe anisotropy (= » which is neededin the theory of Rayleigh-Benard
convection.

Using stimulated Rayleigh scattering, [23; 101] the thermal di usivities

k;? = k;’?=Cp B:16

were measuredearlier by Urbach [101] to be , = (125 0:5) 10 * and

> = (719 04) 10 4 cm?=sat 25 C. Using Cp, = 1:92J=g K for the
heat capacity per unit massand = 1:022 g=cm® for the density, these
results give , = 240 0:1and , = 1:52 0:08 mW=cm K. These
values are slightly higher than our results = 2:262 0:.044and -, =
1:331 0:027mW=cmK.

At 26 C, Egs. 14 and 15 give -, = 1331 10%erg=s cm K and
Kk = 2:242 10%erg=s cm K. This correspndsto = » = 1:685. The
di usivities are , = 1:14 10 % cm?=sand , = 6:19 10 4 cm?=s.
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