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Abstract: Patterns are ubiquitous in the world that surrounds us. They can form via
bifurcations, for instance from the spatially uniform state, as a control parameter is
varied. Their nature generally is determined by nonlinear terms in the relevant equa-
tions of motion, and thus their elucidation is a non-trivial goal in nonlinear physics.
In the early 1970's, there was a revival of interest in the condensed-matter physics
communit y in chaos and pattern formation in nonlinear dissipative systems. Experi-
mentalists and theorists brought the tools of their �eld to bear on these challenging
problems. Mostly in terms of his own experiences, the author of this paper reviews
some of the issuesthat have been addressed,some of the techniques that have been
applied, and someof the progress that has been made by experimentalists during the
two-and-a-half decadessince then, and the relationship which these results have to our
present-day understanding of nonlinear systems.

1 In tro duction

When a system is removed far from equilibrium by subjecting it to a stress, it
will often undergo a transition from a spatially uniform state to a state with
spatial variation. We refer to this variation as a "pattern". Pattern formation
is generally associated with nonlinear e�ects. These are of great fundamental
interest to physicists becausethey often lead to qualitativ ely new phenomena
which do not exist in linear systemsand which are not yet fully understood.
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Fig. 1. Three systems in which rolls (also called strip es) or hexagons occur over dif-
ferent parameter ranges. a): Chemical patterns obtained by Ouyang and Swinney. [1]
b): Patterns in a gasdischarge system obtained by Breazeal, Flynn, and Gwinn. [2] c):
Patterns in Rayleigh-B�enard convection obtained by Bodenschatz et al. [3] (hexagons)
and by Hu et al. [4] (rolls).

Another fascinating aspect of pattern-formation phenomenais that many of
them have a universal character. Even though the system under investigation
may for instancebeof physical, chemical,or biological nature, many commonfea-
tures are encountered. Pattern formation has beenstudied in such diverse�elds
as 
uid mechanics,optics, chemistry, biology, solid-state physics,gasdischarges,
and others. Figure 1 illustrates someof these. In Fig. 1a chemical patterns ob-
tained by Ouyang and Swinney [1] are illustrated. Two di�eren t mixtures of re-
actants are circulated through two channelsacrossthe outside of porous plates.
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Betweentheseplates,a layer of a gelpermits mixing by di�usion of the chemicals,
which leads to a spatially dependent chemical reaction. A spatial variation de-
velopsin the concentration �elds. Among other patterns, hexagonsand "strip es"
or "rolls" are obtained, depending on the parameter ranges. In Fig. 1b we see
patterns, obtained by Breazeal, Flynn, and Gwinn, [2] of visible light emitted
from a gas subjected to a large alternating electric �eld. Here also hexagons
and strip es are observed over a range of parameter values. Finally, in Fig. 1c,
we seethe result of Rayleigh-B�enard convection. A 
uid is contained between
two parallel horizontal plates separatedby a distance d and heated from below
by a heat current Q. When the 
uid properties do not vary signi�can tly over
the applied temperature di�erence, convection rolls are obtained. [4] These are
similar to the strip es in Figs. 1a and 1b. When there is a signi�can t variation
of the 
uid properties, hexagonsoccur. [3; 5] The communalit y (or universality)
between these diversesystemsis of courseprovided by the common features of
the mathematical equationswhich describe thesesystems.A scientist interested
in the fundamental aspects of these ubiquitous e�ects will choosea particular
systemwhich is well suited to detailed, quantitativ e study. The universalaspects
of patterns provoke hope of a deeper understanding in very complicated systems
(where the equations of motion might not even be known) from the study of
simpler ones.For instance one might expect to learn something about the for-
mation of biological patterns which are di�cult to study under highly controlled
conditions from work on simpler physical or chemical systemswhere boundary
conditions and control parameterscan be speci�ed precisely in an experiment.

Aside from the intellectually fascinating aspects of pattern formation, there
are pratical reasonsfor being interested in this �eld. Our physical surroundings
are dominated by patterns. We seeripples on a pond, regular or irregular cloud
formations, the remarkableshapesof snow
ak es,and the patterns in animal skins
or coats.The surprising aspect is the great regularity which is often encountered.
A deeper understanding of these natural phenomenawill enrich our lives and
deepen our appreciation of our environment. There are also more practical ben-
e�ts for our society which will arise from a more fundamental understanding of
patterns. Their better understanding enablesus to prevent undesirable or pro-
mote advantageouspatterns in industrial processes.Examples include the dis-
placement of oil by water in a porous oil reservoir, in which �nger-lik e patterns
formed by the water can reducethe yield. Others can be found in crystal-growth
processes,where patterns in the melt or the solid phase may be undesirable.
Patterns occur in the wake of airplane wings, in chemical reaction fronts, 
ames,
leaching of minerals from ore beds, fronts between infected and unifected por-
tions of a population, and in many other technologically, economically, biologi-
cally, or sociologically important situations. In the long run their fundamental
understanding clearly will have far-reaching consequencesfor our society. An
extensive review of the physics of pattern formation in physical, chemical, and
biological systemswas published recently by Crossand Hohenberg. [6]

I have been very grateful for my serendipitous intro duction to the �eld of
nonlinear nonequilibrium systems, which eventually led to my interest in the
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experimental study of patterns. In 1970,I was a sta� member at Bell Laborato-
ries. My interests at that time were primarily in the �eld of critical phenomena,
with an emphasison the super
uid transition in liquid 4He. Late in that year,
my department head Paul Fleury had a visitor from Belgium by the name of
Jean Pierre Boon. Jean Pierre told Paul, me, and someof our colleaguesabout
Rayleigh-B�enard convection (RBC). [7] It seemsdi�cult to imagine from our
present vantage point; but to my knowledge none of us had ever heard about
this phenomenonas an interesting physical system even though of courseall of
us were familiar with convection from everyday experiences.Today RBC has
evolved into one of the primary model systems for the experimental study of
pattern formation. Another serendipitousaspect of Jean Pierre's visit was that
I had an apparatus in my laboratory at that time which I used for the study
of the thermal conductivit y of liquid 4He near the super
uid transition at 2.172
K. [8; 9] At that temperature, helium has a negative expansioncoe�cien t, and
thus I was heating the sample from below so as to avoid convection. It was a
simple matter to increasethe temperature by a fraction of a degreeand then
to study the interesting e�ect of convection upon the heat transport in a tem-
perature range where the expansioncoe�cien t is positive. Since my apparatus
was cold and operational at the time of Jean Pierre's visit, I was able to obtain
heat-transport data which were a great deal more precisethan previous results
in the literature [10] within a day or two. Some of these are shown in Fig. 3
below. They revealeda bifurcation at a well de�ned value �T c of the tempera-
ture di�erence �T . There wasa little rounding of the bifurcation which initially
provoked interesting speculations about 
uctuation e�ects; but this rounding is
now well understood in terms of small imperfections in the sample geometry.
The value of �T c agreedwell with the theoretical prediction.

In the remainder of this paper I would like to present someof the events in
the study of pattern formation which I witnessedsince the visit by Jean Pierre
in 1970. It is my hope that I can convey to the reader the excitement of the
�eld by describing some my own experiences.Under no circumstancesshould
this account be seenasa review of the �eld. Rather, it is a presentation of some
of the important events from a highly personal point of view, as I experienced
them, and it neglectsmany major contributions to the �eld. Having said this, I
hope that I do not even have to apologize to those of my friends whosework I
am omitting.

2 The 1970's and Before

Although there is a long history of the study of bifurcations and pattern forma-
tion in 
uid mechanics by the applied mathematics and engineeringcommunit y,
physicists for the most part had not really appreciated the interesting aspects
of this �eld prior to about 1970.When physicists �nally learned about this fas-
cinating area of study, I believe they soon beganto play an important role. The
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experimentalists did not feel constrained by the practical needsof the engineer
and felt free to concentrate on problems which were just complicated enough
to be challenging but still simple enough to be amenable to theoretical anal-
ysis and quantitativ e experimental study. Thus, their hallmark becameprecise
experiments on relatively simplesystemswhich lent themselvesto a detailed com-
parison with theory. Before long this led to a comparison betweenexperiments
and theoretical or numerical results at the 0.1%level. In earlier days, researchers
often felt that they wereon the right track when they achieved agreement at the
level of perhaps10%.

So far as I know, there was relatively little quantitativ e experimental work
by physicists on patterns in the 1960's(a notable exception to this is the seminal
work by Donnelly and collaborators on Taylor-vortex 
o w which started [11� 13]
a decadeearlier). However, I want to mention two important theoretical results
of that decadewhich had a great impact on subsequent experimental activit y.
The �rst is the work of Lorenz, [14] through which it becamewidely appreciated
that systems describable by coupled nonlinear ordinary di�eren tial equations
can exhibit non-periodic time dependence.Investigations of such systems fall
into the �eld of Dynamical Systems,which by now has reached a certain level
of maturit y. [15] Far less is understood about irregular variations in systems
which are extended also in space (i.e. in patterns), and which thus must be
described by partial di�eren tial equations. In this latter case,there can be non-
periodic variation both in spaceand in time, and this phenomenonfrequently is
referredto asspatio-temporal chaos(STC). I mention the work of Lorenz and the
�eld of dynamical systemsbecausethere has beensomeas yet unsubstantiated
hope that STC can somehow be understood by using what we know about
dynamical systemsasa starting point. The elucidation of STC is still very much
at the forefront of reseach today, and will no doubt remain so for some time
to come. From my point of view, another important theoretical result of the
1960's was contained in the paper of Schl•uter, Lortz, and Busse, [16] which
showed that a stable pattern above the onset of convection in a Boussinesq
systemconsistsof parallel straight rolls of arbitrary orientation when boundary
e�ects can be neglected.A good approximation to this state can indeedbe found
in experiments, and is illustrated in Fig. 1c. A secondpaper which to me was
equally important was the one by Busse[17] in 1967,which among other issues
presented a systematic perturbation calculation for non-Boussinesqconvection
[18; 19] in which hexagonsbecomestable at the bifurcation from the conduction
state. Such a hexagonal pattern is also shown in Fig. 1c. It was found to be
stable over a range of � which is consistent with the calculation. [3]

The experimental developments of the 1970'shad, I think, a profound impact
in the long run on the study of spatio-temporal complexity. Someof us brought
the experimental tools of condensed-matterphysics to bear on the problems of

uid mechanics. In particular, the precision measurement-techniqueswhich had
been developed for the study of critical phenomenawere applied to the study
of bifurcations, chaos,and STC. I already described how I was drawn into this
�eld; other experimental physicists who entered it included Pierre Berg�e and
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Monique Dubois, Jerry Gollub, Alb ert Lib chaber, and Harry Swinney. Perhaps
another serendipitousoccurrenceis that all of thesepeoplechoseproblems from

uid mechanics for their initial projects. It turned out that 
uid systemslend
themselves extremely well to the quantitativ e investigations which the experi-
mentalists wanted to undertake. In well chosen
uid systems,extremely precise
geometriescan be speci�ed, boundary conditions can be well controlled, and
control parameterscan be held extremely constant or varied in very small steps.
Later on of course it becamedesirable to look at other systems;but 
uid me-
chanics o�ered many advantagesinitially .

Although the conventional tools of solid-statephysics,such ashigh-resolution
thermometry, lock-in ampli�ers, light scattering, and others playedan important
role, I believe that the most important experimental development of the 1970's
was the advent of the computer in the laboratory. It enabled us to carry out
projects which we never would have consideredin earlier decades,even though
by today's standards theseearly e�orts at automation and data collection may
seemprimitiv e. Already early in 1971, we used a home-madedata acquisition
systemto collect time seriesof a scalarquantit y (the temperature of the bottom
plate of a convection cell) which contained several thousand values, and used
fast-Fourier-transform methods to obtain their power spectra. [20; 21] A little
later we progressedto an LSI-11 basedsystem which was interfaced to a PDP-
11/45. [22; 23] Similar developments may well have taken place earlier in other
laboratories; but for us they revolutionized the kind of projects that could be
tackled. Thus, they not only provided us a new tool, but they also gave us a
completely new perspective on what typesof experiments to do. On somekind of
a logarithmic scale,this wasasgreat a step forward asanother which I witnessed
as a graduate student a decadeearlier, when we started to use DC ampli�ers
and chart recorders, instead of recording individual voltages in our laboratory
notebook after obtaining them by looking through a 10-meter telescope at a
ballistic galvanometer. Subsequent changesin computer technology have been
perhaps as great or greater; but somehow we began to take these for granted
becausethe data-handling capability of computerswasgrowing continuously. By
now this hasevolvedto the point whereweroutinely program experiments to run
unattended for weekswhen long time scalesare involved, and collect hundreds
of Mbytes of data in such a run.

Let me now get to the physics that was being done. Someof the important
scienti�c results of the 1970's were, I believe, the quantitativ e measurements
by Berg�e and Dubois of various components of the velocity �eld for RBC in
pseudo-one-dimensionalsystems, i.e. in relatively narrow and long cells where
the convection rolls line up parallel to the short (y) axis with their wave vector
parallel to the x-axis. [24; 25] Examplesof their results are shown in Fig. 2. They
con�rm that the velocity amplitude varies with the mean-�eld exponent 0.5 as
� � (�T � �T c)=�T c is increased.Similarly, theseauthors measuredthe charac-
teristic length � over which the velocity �eld growsfrom zeroamplitude at a solid
boundary to its bulk value in the interior, and the temporal rate � at which the
systemrespondsto changesin the control parameter. They found the mean-�eld
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exponents -0.5 and 1 respectively. This work, as well as somemeasurements in
our laboratory, [26; 27] culminated [28] in a quantitativ e comparison of the RB
system with predictions basedon a Ginzburg-Landau (GL) equation [29], and
�rmly establishedthe analogy betweenbifurcations in pattern-forming systems
on the one hand and critical phenomenain the mean-�eld limit on the other.
Not only the exponents (which of coursefollow from Landau's generalassump-
tion of analyticit y [29] and are not system speci�c), but also the coe�cien ts
which had beencalculated speci�cally for RBC from the Navier-Stokesequation
[27; 28], agreed. Similar work was being done with Taylor-vortex 
o w [30] by
Gollub and Freilich, [31� 33] by Rehberg, [34] and by P�ster and Rehberg. [35]
Taylor-vortex 
o w (TVF) is alsoa one-dimensionalpattern-forming system,but
it di�ers from RBC in narrow, long cells in that the velocity amplitude at the
endsdoesnot vanish, but rather grows to a value of order one. This rendersthe
bifurcation imperfect, and was discussedin terms of a GL equation by Graham
and Domaradzki. [36] Rehberg extended the comparisonwith a GL equation to
the secondaryHopf bifurcation to azimuthally travelling wavesin TVF. The GL
equation has played an enormously important role in the study of patterns dur-
ing subsequent years,and I believe it is the work which I have described which
put its applicabilit y to physical systemson a �rm experimental foundation.

At Bell Laboratories, I pursued my studies of convection at cryogenic tem-
peratures. Before long, Robert Behringer and then Robert Walden joined me in
this e�ort. [20; 21; 23; 26; 27; 37� 43] During the very �rst measurements using
liquid helium, the versatilit y of cryogenic 
uids immediately becameapparent.
In someof the work we usedgaseous4He becausean easilyapplied changein the
pressurecould alter �T c, and thus the extent to which the Boussinesqapproxi-
mation was satis�ed, by a large amount. [21; 26; 40] The opportunit y to change
the 
uid properties, and in particular the Prandtl number, by approaching the
critical point, was also exploited. [38; 39] As an illustration of someof the early
work, results for the Nusselt number [26] are shown in Fig. 3. By changing the
samplepressure,precisionmeasurements for Rayleigh numbersup to 150Rc were
made. Related cryogenicwork with an emphasison even larger Rayleigh num-
bers wasdonesimultaneously by Threlfall [44], but we werenot aware of it until
it appeared in the literature.
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slope = - 0.49 

Fig. 2. Laser-Doppler velocimetry measurements of the velocity in a Rayleigh-B�enard
cell by Dubois and Berg�e. [24; 25] Left top: horizontal velocity component vx near the
center of the cell asa function of position x (x is in the direction of the roll wavevector).
Right top: amplitude of the velocity variation near the center of the cell as a function
of � = �T =�T c � 1. Left bottom: horizontal velocity component vx as a function of
position x near a sidewall. Right bottom: the healing length � over which the pattern
grows from zero amplitude at the wall to its bulk amplitude.
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Fig. 3. Left: Time averageof the Nusselt number in a cell with � = 5:3 asa function of
R=Rc = 1 + � . Right: The power spectrum of the Nusselt number for � = 1:4. Adapted
from Ref. 26.
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A great surpriseat the time wasthat convection in cellsof circular horizontal
crosssection and modest radius was time dependent at relatively small values
of � . For an aspect ratio � (radius/height) of about 5, nonperiodic time depen-
dencestarted near � = 1. [20; 21; 26; 37] Several yearslater this phenomenonwas
con�rmed by Lib chaber and Maurer. [45] The power spectrum of the Nusselt
number was broad, with a maximum at zero frequency, and for large frequency
it fell o� as f � 4. This is shown in the right portion of Fig. 3, for � = 1:4. Since
here we had found an experimental system with chaotic (i.e. broad band) time
dependence,there was a great temptation initially to try to �nd a connection
between the observations and the chaotic behavior of the Lorenz model. This
model had beeninvestigated in detail by McLaughlin and Martin. [46; 47] Later
we realized that the apparently algebraic fallo� was surprising becausesimple
models of chaosin deterministic systemswith relatively few degreesof freedom,
such as the Lorenz model, had a spectrum with an exponential fallo�. [48; 49]
As already noted in 1972,[20] it seemslikely that the onset of time dependence
was associated with wavenumber adjustments as a function of � which caused
the systemto crossan instabilit y boundary, from our present vantagepoint most
likely the skewed-varicose(SV) instabilit y. [50] The apparently algebraic fallo�
of the spectrum presumably is then attributable to the presenceof a large but
�nite number of interacting modesin the spatially extendedsystemwhich turns
out to lead to e�ectiv ely algebraic decay at intermediate f ; but so far as I know
a quantitativ e explanation of this phenomenonis still lacking. At very high fre-
quenciesthe spectrum should then still decay exponentially; but there the power
may well be so small as to be unmeasurable.Also still unexplained seemsto be
the fact that the systemremains in the chaotic skewed-varicose-unstableregime,
instead of reducing its wavenumber soasto enter oncemore the regimeof stable
rolls (this latter phenomenonoccurs in the one-dimensionalcaseof a narrow
rectangular cell where the SV instabilit y leadsto the expulsion of a roll pair and
a consequent reduction of the wavenumber).

When � was increasedbeyond 3.7 with the cells of � ' 5, the spectrum
of the Nusselt number was modi�ed by a shoulder which developed in the fre-
quency range of algebraic decay. [39] This was also observed in the experiments
of Lib chaber and Maurer. [45] The power due to this excesscontribution grew
continuously from zeroas� wasincreased,and thuswasconsistent with a forward
Hopf bifurcation (albeit with a frequencywhich was broadenedby the underly-
ing chaotic state). The shoulder was at the proper frequency to be attributable
to the oscillatory instabilit y (OI) of Clever and Busse. [51] This was so even
though of coursethe calculation was basedon the assumption of a bifurcation
from the time-independent parallel-roll state.

Much additional work at low temperatures on time-dependent 
o ws in cells
of modest � was done after these early observations, and has beenreviewed in
detail by Behringer. [52] Here I mention only a surprising result obtained in a
very large cell (� = 57). Non-periodic time dependencewasfound even when the
threshold had beenexceededby only 10%or so. [38; 39] At the time this seemed
quite contrary to the extensive stabilit y analysisof Busseand coworkers. [16; 51]
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It is really only now gradually being understood [4; 53; 54] in terms of sidewall
e�ects which causeroll curvature, focus instabilities, and local compressionof
rolls in the cell interior beyond the skewed-varicous instabilit y. Of courseit was
a great disadvantage of the cryogenic samplesthat the patterns could not be
observed. Today we can do at room temperature with 
o w visualization much
of what wasdone in the 70's with liquid helium, [3; 4; 53� 56] and the cryogenic
work would be justi�ed only for those few experiments which cannot be done
readily at ambient temperature. But two decadesago, the high resolution at low
temperatures did open up somenew vistas.

Another problem which caught my early interest wasthe e�ect of time depen-
dent heating on RBC. The experiments were done with a constant temperature
at the top of the cell, and with a step, a temporal ramp, or time-periodic mod-
ulation, of the heat current. I was fortunate to be able to interest my colleague
Pierre Hohenberg in this problem. He and Jack Swift had worked on the e�ect
of external noiseon the Rayleigh-B�enard instabilit y, [57] and their collaboration
had producedthe now well known Swift-Hohenberg equation. Direct observation
of the 
uctuations below the bifurcation (which are the responseof the system
to the external noise) was regarded by most physicists to be nearly impossi-
ble becausethe predicted amplitudes [57 � 62] were so small. Interestingly, at
the present time, i.e. 20 years later, theseamplitudes have just beenmeasured
quantitativ ely in a Rayleigh-B�enard system. [63] I think Pierre's interest in the
ramping experiments was related to the fact that the 
o w which evolvesas � is
swept slowly through zero should evolve from these 
uctuations if determinis-
tic imperfections were small enough.In that casethe time evolution of the 
o w
could be usedto estimate the sizeof the 
uctuations which prevailed when � was
negative. It wasdi�cult to devisea proper model for the experiment becausethe
pattern which evolved wasnot known. Nonetheless,with the help of Mik e Cross
and Sam Safran we carried out a rather detailed analysis. [60] I think in the
end we becameconvinced that deterministic imperfections dominated the early
experiments, and it seemsto me that the main virtue of the early experimental
e�ort and its analysiswas to motivate later, more re�ned measurements in more
carefully constructed cells. [64 � 66] Another important consequencewas, how-
ever, Pierre's longterm closeinterest in my results on nonequilibrium systems,
which has been of immense value to all of my subsequent work on patterns.
Our direct collaboration on temporally modulated 
o ws continued into the next
decade,when Manfred L•ucke joined our e�ort while he and Pierre were at the
Institute for Theoretical Physics in Santa Barbara. [67 � 69]

A noteworthy event which I should mention is that early in the 1970's,Al-
bert Lib chaber came to visit us at Bell Laboratories, and apparently became
convinced that convection in liquid or gaseoushelium had much to o�er to the
experimentalist. But unlike us, he had the wisdom to understand that without

o w visualization the global studies of heat transport, particularly in spatially
extendedsystems,would bring only limited results. Thus, he and Maurer devel-
oped local temperature probes. [45] However, soon they concentrated on small
systemswhich could accomodate only about onepair of convection rolls. Naively,
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I had always thought that spatially extended systemswould be much more in-
teresting. The work by Lib chaber and Maurer on small systemsled to the now
famousdiscovery of period-doubling bifurcations, and together with the theoret-
ical work by Mitc h Feigenbaum [70] it really opened up the �eld of dynamical
systems.[71] Exciting as it is, this work doesnot involve patterns, and I will not
discussit further here. [15]

Finally, I want to say a word or two about conferenceswhich were impor-
tant to me during the 70's. In May of 1973, there was a meeting organized by
Jim Gunton and Mel Green at Temple University. It dealt primarily with criti-
cal phenomena,and emphasizedthe new ideasbasedon the mode-coupling and
renormalization-group methods. For this meeting, I had comefrom J•ulich, Ger-
many where I was spending the calendar year on a sabbatical leave from Bell
Labs. This gave me a chance to show my experimental results for the � ' 5
cell to Paul Martin, who had previously heard about them through Pierre Ho-
henberg. I think that Paul's genuine interest in my results played an important
role in convincing me that the study of STC should be taken seriously. Evidence
of my prior rather casual attitude toward it can be found in the fact that, ex-
cept for a couple of talks at the January 1972 APS meeting in San Francisco,
[20; 21] I had not really published my results. Paul's interest, and his work with
McLaughlin, [46] �nally convinced me that I had to write up my work as soon
as I returned to Bell Labs early in 1974. [37]

The most important meeting for the �eld asa wholewas,I believe, the NATO
ARW organizedby Tormod Riste in Geilo, Norway in April of 1975. It was one
in a seriesof workshopson critical phenomena,and was entitled Fluctuations,
Instabilities, and Phase Transitions. But Tormod had the vision to see how
appropriate it was at that time to devote it primarily to the emerging �eld of
instabilities and patterns. In addition to a large number of theoretical papers,
much of the early experimental work by Berg�e, Goldberg, Gollub, Whitehead,
myself, and others waspresented, and this wasthe �rst time that someof us met
each other. In a sense,onecould regard this ARW as the beginning of the study
of patterns as a coherent sub�eld of condensed-matterphysics. The increasing
appreciation for the importance of this �eld is also re
ected in the fact that a
major fraction of a Solvay conference[72] was devoted to it in 1979.

3 The 1980's

Looking back now, it is apparent that the 1980'sbrought both qualitativ e and
quantitativ e advancesto the �eld of pattern formation. Advancesin computer
technology, and in particular in a�ordable storagecapacity, permitted more and
more advanced experiments to be performed. Instead of taking time seriesof
one or a few scalars, we now could actually take two-dimensional images, or
time seriesof one-dimensionalimages."Contour plots", which showed the time
evolution of a one-dimensionalarray, becamepopular for the documentation
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of the dynamics of one-dimensionalpatterns. One of the early visualizations of
two-dimensionalconvection patterns wasdoneby Gollub and Steinman, [73] and
was basedon laser-doppler velocimetry; but that method turned out to be too
tedious and time consumingwhen the primary interest was the pattern and not
the quantitativ e amplitudes of the 
o w. Instead, the shadowgraph technique was
developed into a very sensitive tool capableof visualizing even extremely feeble

o ws very near onset. Of course the method had a long history. After having
been employed in the 1950's by Silveston, [10; 74; 75] it was developed further
for the investigation of well developed patterns by Busseand Whitehead. [76] Its
application in a more sensitive form to the study of patterns very closeto onset
is, however, more recent. [77; 78] By now, we can under favorable circumstances
resolve temperature 
uctuations a good bit smaller than a part per million of
the critical temperature di�erence. The nature of the problems under experi-
mental investigation also becamemore advanced.As I will describe below, more
advanced bifurcation phenomenaand one-dimensionalpatterns were one area
of interest; but the problem of pattern formation in two dimensions was also
beginning to be addressed.

An important development during this decadewasthe addition of many new
experimental physicists to the �eld. At the risk of omitting someand in random
order, I mention that Robert Behringer at Duke, Mik e Gorman at Houston,
David Andereck at Ohio State, Bob Walden, Cli� Surko, and Paul Kolodner at
Bell Laboratories, Victor Steinberg in Israel, Ingo Rehberg in Germany, Sergio
Cilib erto in Italy (now France), Carlos Perez-Garcia in Spain, Vincent Cro-
quette, Alain Pocheau, Eduardo Wesfreid, and others in France, and Shoichi
Kai in Japan all set up laboratories for the study of patterns in RBC, in electro-
convection in nematic liquid crystals, in TVF, or in other pattern-forming sys-
tems.

At the beginning of 1980, I moved from Bell Laboratories to the Univer-
sity of California at Santa Barbara. After devoting a year or so to setting up
my low-temperature laboratory, I returned to the study of non-equilibrium sys-
tems. In collaboration with my colleagueDave Cannell, we started a program of
investigationsof non-equilibrium 
uid-mec hanical systemsat or near room tem-
perature. Dave had tremendousexperiencefrom his work on critical phenomena
in the control of temperature, designof complex apparatus, and precision mea-
surements especially by optical means.For instance, it turned out to be possible
to control the temperature of a water bath within about 10� 4� C, [79] which is
0.3 ppm of the absolute temperature and in that sensewithin a factor of three
or so of what at that time could be achieved at low temperatures. Initially , we
focused on RBC, using water as the 
uid. During this time Victor Steinberg
was a postdoctoral researcher in our laboratory and played an important role
in the development of our instrumentation. Soon we added Taylor-vortex 
o w
(TVF) becauseit o�ered exceptional opportunities for the quantitativ e study of
one-dimensionalpatterns. One of its great virtues is that it is truly periodic in
the y-direction (i.e. in the azimuthal direction). This is an advantage over RBC
when it comesto comparing with simple mathematical models which often as-
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sumeperiodicit y in that direction. TVF had of coursebeenusedvery extensively
by many others before, including Koschmieder, Cole, Snyder, Gollub, Swinney,
Donnelly, and their numerous coworkers. [80] But much of that work had fo-
cusedon somewhathigher Reynolds numbers where secondarybifurcations and
chaotic regimes exist, whereaswe concentrated more on a quantitativ e study
near the primary bifurcation of the Taylor-vortex state itself. Dave had designed
and our machine shop had built an excellent laser-doppler velocimetry system
(with the limited funding which we were able to attract we could not a�ord a
commercial one), which served us well in this work.

One of the hallmarks of this decadewas the study of advanced bifurcation
phenomena,and their application to spatially extendedsystems.One could rea-
sonably ask whether all the phenomenaallowed by the normal forms of bifurca-
tion theory really occurred in physical systems.The answer that became
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Fig. 4. (a) to (c): The order parameter 	 as a function of � for three aspect ratios L .
(d): The coe�cien t g3 of the cubic term of the Landau equation as a function of L .
Adapted from Ref. 81.

apparent was that certainly very many of them did. Of interest to mathemati-
cians at this time was the area of multi-parameter bifurcations. In 1985, an
entire conferencein Arcata, CA was devoted to this topic. [82] When there are
two control parameterswhich can be adjusted, it is sometimespossibleto choose
the value of oneso that the bifurcation provoked by a changein the other is of a
special nature. For instance, it may be possibleto adjust a parameter sothat the
coe�cien t g3 of the cubic term in the Landau equation relevant to a particular
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systemis zeroor negative. In that case,the next-higher order (quintic) term has
to be retained in the amplitude expansion in order to obtain a stable solution.
For the marginal caseg3 = 0 the amplitude of the 
o w is expected to grow as
the fourth root of � instead of as the second.Based on the work of Benjamin
and Mullin [83], we saw that this phenomenonshould occur in the 
o w between
concentric cylinders when the aspect ratio L (the system length measured in
units of the gap betweenthe cylinders) has a particular small value. For L less
than about two, there are only two vortices. Since these are provoked by the
cylinder ends, they are not really Taylor, but rather Ekman vortices, and the
systemmight be referred to asEkman-vortex 
o w. As the inner-cylinder speed!
is increasedbeyond an L-dependent value ! 1, the systemundergoesa bifurcation
from a state of two symmetric vortices of equal sizeto a state of broken symme-
try whereonevortex is larger than the other. One can de�ne an order parameter
	 which measuresthe asymmetry betweenthe two vortices. As L is varied from
larger to smaller valuesthrough a special value L t , the bifurcation changesfrom
supercritical, where 	 grows continuously from zeroas � = ! =! 1 � 1 is increased
through zero,to subcritical where	 jumps from zeroto a �nite value near � = 0.
The marginal caseL = L t is often called tricritical, in analogy to the equiva-
lent phenomenonin equilibrium critical phanomena.With Anneli Aitta, [81] a
visitor from Finland in our group, we investigated this systemquantitativ ely by
laser-doppler velocimetry measurements of the axial component vz of the 
uid
velocity as a function of axial position. Figures 4a to 4c show the experimental
results for steady-state values of the order parameter 	 �

RL
0 vzdz=

RL
0 jvz jdz,

together with �ts to the Landau equation d	 =dt = h + �	 � g3	 3 � g5	 5 = 0.
Here the "�eld" h was included becausethe bifurcation in the physical system
was not quite ideal, but rather "imp erfect". We actually viewed the imperfec-
tion positively, since it gave us the additional opportunit y to study the e�ect
of an imperfection on bifurcations of di�eren t types.An interesting consequence
of having h 6= 0 is the unfolding of the bifurcation. In the experimental results,
the two branchesbecamedisconnected,as they should according to the model.
As can be seen,the �ts to the Landau equation are excellent. They provide the
coe�cien ts of the equation as a function of L . The coe�cien t g3 of the cubic
term is shown in Fig. 4d. The tricritical value of L , where g3 = 0, turned out
to be 1.255.At about the time of our experiments, the bifurcation diagram for
this system was calculated by numerical integration of the Navier-Stokesequa-
tion. [84; 85] This work yielded [84] L t = 1:259, in quantitativ e agreement with
the experiment. A bit later, Anneli extended the analysis of her data to the
transients of 	 , i.e. to the dynamics of these bifurcations. [86] This provided
beautiful illustrations of the di�erence in the temporal evolution of 	 at �xed �
which is associated with the di�eren t shapesof the potentials for the subcritical
and the supercritical bifurcation.

Another multiparameter-bifurcation problem under investigation in our lab-
oratory at that time [87; 88] was the codimension-two bifurcation which occurs
in convection of binary mixtures. [89; 90] This work was done by Ingo Rehberg,
who was a postdoctoral researcher in our group. Ingo's system consisted of a
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rectangular cell of width 4 and length 8 times the thickness. In order to ap-
proximate a porous medium, the cell was packed with a bodycentered cubic
array of over 1000nylon spheresand was �lled with a mixture of 3He and 4He.
By changing the mean temperature near 2.2 K, the separation ratio 	 could
be changed with great resolution in the vicinit y of 	 ct ' 0 where according to
the theory a Hopf-bifurcation line should meet a line of subcritical bifurcations
to a steady pattern. This phenomenonwas indeed observed. In the experiment
it turned out that the Hopf frequency approached zero as 	 was increased,as
had beenpredicted. Perhapseven more exciting, the characteristic frequencyat
constant 	 decreasedtowards zero as � was increased,as was expected upon
approaching a line of heteroclinic points which had been predicted to extend
from the codimension-two point towards more negative 	 . To this day it hasnot
beenpossibleto repeat this experiment in a room-temperature system because
 cannot be varied soeasily and with such resolution. Thus, here is a casewhere
the extra e�ort and cost of the low-temperature experiment wasjusti�ed in spite
of the disadvantage of the lack of 
o w visualization.

We extendedthe cryogenic-mixture work alsoto a bulk 
uid (i.e. without the
nylon spheres)in a larger cell of width 6.5 and length 26. [91] This work led to
the unexpected conclusionthat the bifurcation to steady convection apparently
hasa tricritical point at positiv e 	 , a result which is di�cult to understand and
as yet not explained. This work was continued by Tim Sullivan, [92; 93] a new
postdoctoral associate in our group, after Ingo joined the institute of Professor
Bussein Bayreuth, Germany. Tim's results show that the Hopf frequencyat the
codimension-two point of the bulk mixture is at least an order of magnitude
greater than had beencalculated. [94� 96] It is clear that the codimension-two
point in the bulk mixtures is not well understood at this time, and well worthy
of further investigations. One may hope that in the future room-temperature
techniquescan be re�ned su�cien tly to shedsomelight on the problem.

Although the work on multi-parameter bifurcations which I have described
was very exciting, it is perhaps fair to say that another area of activit y of ours,
involving stabilit y ranges and wavenumber adjustments of spatially extended
systems,had a greater impact on the �eld of patterns in non-equilibrium sys-
tems. We becameinvolved in this on the one hand becauseof our interests in
studying the TVF state. But on the other, a great impetus was provided by
a program at the Institute for Theoretical Physics (ITP) at Santa Barbara in
1982which wasrun by Pierre Hohenberg and Jim Langer. This program brought
many of the theorists active in pattern formation to town, and in addition some
who were just thinking of getting into this �eld. It was well known at this time
that there was a continuous band of stable states above a typical primary bifur-
cation from a spatially uniform state, limited in the caseof TVF by the Eckhaus
instabilit y. [97] A particularly interesting issuefor uswhich evolvedfrom the ITP
Program was the question of whether a spatial ramp in the control parameter
from below to above critical would allow the selection of any one of the states
within the stable band, or whether a particular state would be preferred over
the others. Theoretically, this issuewas discussed,and illustrated in the context
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of nonlinear reaction-di�usion equations, in a paper by Lorenz Kramer, Eshel
Ben-Jacob, Helmut Brand, and Mik e Cross, [98] all of whom were at the ITP.
As the result of many stimulating lunchtime discussionsat the Arb or on our
Campus, we started an experimental program to addressthis issue.During the
next several years,an intenseand very fruitful interaction betweenthe theorists
and experimentalists developed which, I think, brought much reward to all in-
volved. The experiments soon revealed a unique wavenumber when the outer
cylinder of the TVF apparatus had a gentle ramp in its diameter. [99] Here I
might say that it is a great tribute to our machine shop and to the skills of
Rudy Stuber (the head of our shop) that the required precisegeometries[100]
could be produced.After the initial excitement, the issueof stabilit y rangesand
selectionprocessesbecamea seriousprogram for us. Marco Dominguez-Lerma,
a graduate student in our group, designed and built a superb TVF appara-
tus with a near-perfect geometry. He made highly quantitativ e measurements
of the Eckhaus-instabilit y line in the � -wavenumber plane. Obviously, this was
necessarybefore any selectedstates could be appreciated. Figure 5 shows his
results. [100; 101] Although the Eckhaus boundary had been investigated be-
fore in a number of systems,[102� 104] really only the essentially simultaneous
work by Lowe and Gollub [104] on electroconvection in a nematic liquid crystal
can be regarded as quantitiv e. Marco's measurements were in excellent agree-
ment with calculations basedon the NS equations and a Galerkin method by
Riecke and Paap [105] which are shown by the solid line in Fig. 5. Figure 6
shows again the Eckhausboundary, and in addition asplussesthe data obtained
by Marco [99; 100] for the state selectedby a ramp in the outer-cylinder radius.
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Although the investigation of wavenumber selection by ramps was at least
in part motivated initially by a hope of �nding something equivalent to an ex-
tremum principle for these nonequilibrium systems, it soon becameclear from
the theoretical work [98; 106; 107] that the unique wavenumber had a di�eren t
origin. Somewherealong the ramp, one has � = 0, and at that point only the
critical wavenumber can occur. From there on into the interior of the system
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Fig. 5. The Eckhaus instabilit y bound-
ary for TVF. The solid points are from
Ref. 100. The solid line is the calculation
by Riecke and Paap. [105].

Fig. 6. The Eckhaus instabilit y bound-
ary for TVF as in Fig. 5, and the predic-
tions for the selected wavenumbers for
the three di�eren t ramps in the cylin-
der radii which are shown schematically
at the top of the �gure. The plussesare
the experimental results from Ref. 100.

(where � > 0) the axial variation of the phase of the pattern, and thus the
changein its gradient which is the wavenumber change,is �xed by the equations
of motion. This spatial phasevariation could be calculated conveniently using a
phase-equationapproach. [107]
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Fig. 7. Experimental results in the sta-
ble range � < 0:2 for the wavenumbers
selectedby ramps in the inner and outer
cylinders with � o=� i = 2 (case I I I).
Adapted from Ref. 108.

Fig. 8. The frequency of the travelling
wave in the ramped section and of the
vortex-pair lossin the interior. The lines
are the predictions for two slightly dif-
ferent geometries. Adapted from Ref.
108.

The above realization also soon led to the prediction that the selectedstate
depends on precisely how � is varied from below to above critical. Thus, for
instance, in the TVF caseone could have a ramp in the outer or inner cylinder,
with ramp angles� o and � i respectively. Riecke and Paap [107] predicted that
the selectedstate dependsupon r = � o=� i , and that by changing this ratio, any
wavenumber inside the Eckhaus-stableband could be selected.The three cases
r = 0, r = 1 , and r = 2 are illustrated schematically in the top portion of
Fig. 6, and the predicted wavenumbers are given in Fig. 6 as casesI, I I, and I I I
respectively. CaseI I I is particularly intriguing. Here the prediction is that the
selectedwavenumber should be unstable for � >� 0:2. This case,as well as caseI,
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was investigated experimentally by Li Ning, a student in our group. [108] Some
of Ning's results in the stable range for caseI I I are shown in Fig. 7. They agree
well with the prediction. For caseI I I and � > 0:2, the selectionof the unstable
state was predicted to lead to a repeated occurrenceof the loss of a roll pair
via the Eckhaus mechanism in the system interior. It was expected that these
transitions would lead to a travelling wave of vortices coming up the ramp so as
to provide the supply of vortices neededto sustain the vortex-pair losses.This is
precisely what Ning found in his experiments. Figure 8 shows the frequency of
the vortex-pair loss, together with a calculation of this frequency basedon the
phaseequation by Riecke and Paap (the two curvesare for two slightly di�eren t
geometriesand represent the uncertainty in the dimensionsof the apparatus). We
seethat even the creation of a dynamic state via the selectionof an unstablestate
could be calculated quantitativ ely using phaseequations.Thus, even though the
search for an extremum principle was in vain, the results of the joint theoretical
and experimental e�ort may well be regarded as a signi�can t advance in our
fundamental understanding of patterns.

An interesting related experiment during this time wasoneof the �rst in the
laboratory of Ingo Rehberg in Bayreuth, where a Rayleigh-B�enard system with
di�eren t ramps on the two endswas investigated. [109] The two ramps selected
di�eren t wavenumbers, and thus created a wavenumber gradient in the system
interior. From the phase-di�usion equation this is expectedto lead to a travelling
waveof convection rolls, which wasindeedobserved in the experiment. The trav-
elling wave is shown in the right portion of Fig. 9, which is a contour plot of the
pattern amplitude asrevealedby a shadowgraph method asa function of position
and time. For comparison, the left portion of Fig. 9 givesa similar contour plot
for Ning's experiment on CaseI I I and for � = 0:30. Here the ramp is at negative
valuesof the axial position z, and contains the travelling wave.Vortex-pair losses
occur in the uniform supercritical sectionat the position indicated by the arrow.
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Fig. 9. Left: A contour plot of the pattern observed in Ref. 108 for Ramp I I I and
� = 0:3. The ramp is to the left of the vertical line. Right: A contour plot for travelling
RBC rolls in the experiment of Rehberg et al. (Ref. 109) where competing ramps at
the two ends causea wavenumber gradient in the system interior.

One of the fascinating topics which becamepopular in this decadewas the
study of convection in binary mixtures. I already mentioned the cryogenicwork
near the codimension-two point. Of much broader scope was work at room tem-
perature with 
o w visualization which evolved after the experiment of Walden
et al. [110] made it generally known that this system sustains travelling waves
of convection rolls. The papers which appearedduring the subsequent few years
are simply too numerousto be mentioned here. Major contributions camefrom
Kolodner and Surko at Bell Laboratories. Victor Steinberg, after moving from
Santa Barbara to Rehovot, Israel early in 1984,built convection apparatus very
similar to ours and started binary-mixture work. The �eld wasparticularly excit-
ing becauseof the very closeinteraction betweenexperimentalists and theorists.
The theoretical work of Cross, Knobloch, L•ucke, Brand, Deissler, and others
on someoccasionswas stimulated by experiment, and on others motivated new
measurements. At Santa Barbara, we initially studied ethanol-water mixtures
in narrow rectangular containers with Richard Heinrichs, a post-doctoral asso-
ciate in our group. Richard made the remarkable discovery that the travelling
waveswhich evolve from the conduction state can focus into a stable localized
pulse. [111; 112]The pulse has a stationary or very slowly moving envelope, and
travelling convection rolls form at one end and leave it by decaying to zero am-
plitude at the other. The samediscovery was made at about the sametime and
quite independently in Israel by the Steinberg group. [113] Naturally there were
some skeptics who suggestedthat the very existenceof these pulses might be
attributable to the short sidewall towards which the waveswere travelling. Thus
we as well as others [114] immediately wanted to do experiments in annular
containers which lack the short sidewall of the rectangular cell. Just about then
we went through someextremely frustrating times becausethe NSF Engineer-
ing Directorate decided to stop funding the kind of work which we physicists
weredoing. Our group, Gollub, Swinney, and Donnelly were all eliminated from
their program in spite of excellent reviews of our proposals. To me at least
this appeared as one of the low points in the history of funding of fundamen-
tal research in the United States. After considerabledelay, we were able to get
support from another agency with a more enlightened policy. But of course it
took time to get going again becausenew personnelhad to acquire the skills to
do these sophisticated experiments. In the end we were able to show that the
pulsesexisted even in a periodic system.[115] The left portion of Fig. 10 givesa
shadowgraph image of a three-pulsestate in this geometry which was obtained
by Joe Niemela in our group. The experimental discovery of pulseslet to con-
siderable theoretical activit y. Soon after they were found in the experiments,
pulseswere observed numerically by Thual and Fauve [116; 117] as a solution of
a Ginzburg-Landau equation with a destabilizing cubic and a stabilizing quintic
term. Such an equation might be regardedasa reasonableapproximation (albeit
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not a systematically derived envelope equation) for binary-mixture convection.
Much further interesting numerical work basedon model equations was carried
out by Brand and Deissler. [118; 119] L•ucke and collaborators studied pulses
by the numerical integration of the Navier-Stokesequations for binary-mixture
convection. [120] It has beensuggestedthat pulsesare related to the solitons of
the nonlinear Schr•odinger equation, modi�ed by the dissipative contributions to
the Ginzburg-Landau equation or the physical system. [121] A detailed theoret-
ical discussionof fronts and pulseswas given by van Saarloos and Hohenberg.
[122] Theselocalizedstructures certainly are oneof the more interesting pattern-
formation phenomenawhich I have encountered.

Although chronologically it really belongs into the next chapter, I men-
tion here that we extended the study of pulses in binary mixtures to a two-
dimensional system. This is work by Kristina Lerman, a student in our group.
[56; 123] One of her two-dimensionalpulsesis shown in the right portion of Fig.
10. They formed spontaneously from the conduction state when the threshold
for convection wasexceededby a fraction of a percent. This seemedparticularly
interesting becauseit is known that the two-dimensionalnonlinear Schr•odinger
equation does not have solutions which are localized in two dimensions. Here
it is interesting to note, however, that long-lived or stable pulses were found
numerically by Deissler and Brand [124] in two-dimensional model equations,
although these equations are quite di�eren t from ones which might represent
the experiment on RBC in binary mixtures. Kristina's pulsesturned out not to
be stable in the long term. After existing for many hours (the vertical di�usion
time is only a minute or so), they split into two parts via a transverseinstabilit y
at their tail end where the travelling rolls formed. Often one half survived and
reformed into a pulse while the other decayed; but eventually a more compli-
cated structure of disordered travelling convection rolls developed. So far as I
know, the formation of two-dimensional pulses is not understood theoretically
at this time.
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Fig. 10. Left: three pulses of travelling convection rolls in an annular cell (Ref. 115).
Right: a two-dimensional pulse (Ref. 123) in a circular cell of large radius (the solid
circle gives the cell boundary and the arrow indicates the direction of travel of the
rolls).

I havedescibed a lot of progressin our understanding of one-dimensionalpat-
terns. However, much waslearnedalsowith RBC in sampleswhich wereextended
in two dimensions.Particularly noteworthy are the important contributions by
Vincent Croquette and coworkers,[53; 125] who studied RBC in compressedAr-
gon with a Prandtl number � ' 0:7. This is a range not accessiblein classical
liquids, but similar to � in the early liquid helium experiments. However, in Vin-
cent's experiments it was possible to visualize the 
o w. He studied concentric
rolls stabilized by sidewall forcing, aswell asstraight-roll patterns, in cylindrical
cells with radius-to-height ratios � =7.66 and 20. For the "straigh t" rolls in a
small-� cell, there were two focus singularities bracketing the rolls. The rolls
tended to bend toward the singularities as � was increased,resulting in compres-
sion of rolls along the line connecting the singularities. When the compression
becametoo large, the rolls in the center of the cell, where the compressionwas
most severe,underwent a skewed-varicose-like instabilit y. For � = 7:66, this �rst
occurred at � = 0:13. In the large-� case,the onset of time dependencewas at
the lower � = 0:085.One compressedroll pair got pinched o� and nucleated two
defects. These two defects climbed along the roll axis to within 1 or 2 wave-
length of the sidewall and then glided along the wall to disappear into the focus
singularities. When the defects disappeared, the singularities nucleated a new
roll pair, resulting in a pattern containing the samenumber of rolls as before.
This processthen repeateditself. It seemslikely that similar phenomenawerere-
sponsible for many of the various time dependencesobserved in the early liquid
helium experiments. [38; 39; 52] The onset of this instabilit y has been demon-
strated to be strongly dependent on large-scale
o ws which are associated with
roll curvature. [126] When the 
o w wassuppressed,the tendency for the rolls to
end more perpendicular to the sidewall at higher � was also suppressed,and the
straight-roll state was observed to be stable to � as large as about 0.6.

Finally I want to mention just brie
y the very interesting work on pattern
formation in electro-convection (EC) in nematic liquid crystals (NLC) which
experiencedan upsurgeduring this decade.The system consistsof a thin layer
of a NLC con�ned betweentransparent plates which are coveredwith transpar-
ent electrodes.The director is aligned uniformly in a speci�ed direction, usually
parallel to the con�ning plates. This is accomplishedby appropriate treatment
of the surfaces.For parallel alignment, a voltage applied to the electrodes will
induce hydrodynamic 
o w if the dielectric constant has a negative anisotropy
and if there are ionic impurities present in the sample. In contrast to the RBC
case,which is invariant under rotation in the horizontal plane, this systemhasa
preferred direction and for that reasonexhibits quite di�eren t pattern-formation
phenomena.Important work in this area was done by Kai, Rehberg, Ribotta,
Steinberg, and their collaborators. [127; 128] They studied the orientation of
the convection rolls relative to the director, stationary and travelling patterns,
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defect-chaosstates, and many other interesting e�ects. This system has the po-
tential for quantitativ e contact betweenexperiments and weakly nonlinear the-
ories, i.e. Ginzburg-Landau equations. [128; 129] The equations of motion are
much more complicated than the NS equations of RBC, and for that reason
this systemprovidesa more severetest of modern theoriesof pattern formation.
However, there are also more factors such as the conductivit y of the sample
which can have a decisive in
uence on the phenomenawhich occur. Often the
experimental foundation for a quantitativ e comparisonwith the theory has not
really beenprovided. Usually the experimentalists did not adequatelycharacter-
ize their samplesand they did not obtain convincing evidenceabout the nature
of the primary bifurcation which occurred in their samples.Thus, although much
hasbeenlearnedalready, there is tremendouspotential here for the quantitativ e
study of more advancedpattern-formation phenomena.

4 The 1990's

The present decadenaturally has brought further technological advancesto the
experimental study of pattern formation. Most of thesewere again in the data-
processingarea. Even with a modest budget, we can now have faster computers
(486's) in the laboratory than ever before, and disk storage has becomeeven
more a�ordable. It is now common to take time seriesof two-dimensional im-
agesand to play them back as movies, whereasa decadeago only time seriesof
one-dimensionalimageswerereadily accessibleto us. This turns out to be a very
important capability. Particularly in RBC, many processesare very slow, and
within a human attention spana pattern may seemsteady. Playing back a movie
at a rate much greater than real time often reveals interesting dynamics which
might havebeenmissedotherwise.Also the digital data processinghasadvanced
signi�can tly . For instance, it is now well within the reach of the averageexper-
imentalist to compute three-dimensionalFourier transforms of two-dimensional
image time-sequenceson his own work station. So he can extract S(k; ! ) from
the data. A decadeago we did not have this capability.

One of the new directions in our laboratory was the study of convection in
gasesunder pressure.As I described above, this had been pioneered by Vin-
cent Croquette a few years earlier. [53; 125] John deBruyn started to develop
and his successorsEberhard Bodenschatz, Stephen Morris, Yu-Chou Hu, and
Mingming Wu perfected a rather complicated apparatus for the study of gas
convection at pressuresup to 100 bar or so. [130] It di�ered from Croquette's
apparatus in that the water bath outside the sample cell was also pressurized,
thus providing hydrostatic conditions for the entire cell. With this design there
was no pressuredi�eren tial acrossthe cell top and bottom, and we were able
to achieve large-diameter cells (up to 9 cm) with no distortion of the con�ning
top and bottom surfaces.Our interest at �rst was in �nding a binary mixture of
gaseswith a negative separation ratio. This would have had the advantage of a
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Lewis number of order one rather than 10� 2, and for instance would have made
codimension-two phenomenamuch more accessibleto experiment. The trans-
port properties of gasmixtures are not very well known, and so it was di�cult
to �nd an appropriate mixture. While we weresearching, we becamediscouraged
in our e�ort by a theoretical development. It turns out that in gasmixtures the
Dufour e�ect [131] becomesimportant. Calculations by Hort et al. [132] showed
that it would be unlikely that travelling waveswould exist near a codimension-
two point. Nonetheless,there would be interesting phenomenato be explored;
but for the present at least we let ourselvesbe distracted by a variety of other
fascinating problems involving RBC in pure gases.

One of the aspectsof convection in gasesis that a changein the pressurewill
producea dramatic changein �T c. Alternativ ely, the same�T c can be achieved
with a range of sample thicknessesd by varying the pressure.This 
exibilit y
meant that thin samples with radius to height ratios of order 100 and with
extremely short time scales(vertical di�usion times of order one second)could
be obtained. So it waspossibleto study two-dimensionalstationary processesin
samplesof unprecedented size, hopefully approaching the theoretical ideal of a
laterally unbounded system. Varying �T c provided the opportunit y to vary the
extent of departures from the Boussinesqapproximation.

Fig. 11. Left and Middle: One- and two-armed giant spirals at � = 0:12 (Ref. 55) and
0:15 (Ref. 3) respectively. Right: Spiral-defect chaos for � ' 0:7 (Ref. 133).
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Eberhard Bodenschatz developedand usedour apparatus to study the forma-
tion and stabilit y range of hexagonsdue to non-Boussinesqe�ects. [3] It turned
out that the hexagonallattice of convection cells which is stable above onset is
perfect so far as we can tell. Any defectswhich may form initially when �T c is
exceededmigrate to the sample perimeter and disappear. A portion of one of
Eberhard's imageswas shown already in Fig. 1 at the beginning of this paper.
The entire image contains about 5000 convection cells, forming an essentially
perfect lattice. Sofar aswe know, this is the largest defect-freedissipative struc-
ture that has beenproduced in the laboratory. Although still small on the scale
of crystal lattices in solid-state physics, it suggeststhat "Brok en Symmetry"
[134] may exist after all in nonequilibrium dissipative systems.The hexagons
were found to be stable over a rangeof �T which wasconsistent with the calcu-
lations by Bussewhich I mentioned near the very beginning of this paper. [17]
When �T was increasedbeyond the stabilit y limit of the hexagons,Eberhard
found that, after transients had decayed, a single giant spiral �lled his sample
cell. The spiral could have a number of arms, and after many turns away from
the center each arm terminated in a dislocation. The left and middle portions
of Fig. 11 illustrate such structures with one and two arms. The giant spirals
rotated slowly, with a characteristic frequency of order 10� 3 when time is mea-
suredin terms of the vertical di�usion time. Interestingly, the outer terminations
of the arms and the tips rotated synchronously, and thus the entire structure
was stable. Little is known about these interesting patterns, and serious the-
oretical and much more detailed experimental work on them surely would be
warranted. For instance, one would like to know whether the radial location of
the dislocation hasa unique value for given conditions, and whether the rotation
is causedby a wavenumber gradient in the radial direction or by large-scale
o ws
induced primarily near the tip. It seemsto me that these problems fall within
that category I mentioned earlier of being complicated enought to be interesting
and simple enoughto be soluble. There are many similarly interesting issuesas-
sociated with theselarge-scalestructures which should be pursued.One of them
is the temporal behavior of a defect deliberately intro duced into the otherwise
perfect hexagonallattice. This defect is known to be associated with two of the
three sets of rolls which make up the hexagons.Since these are not orthogonal
to each other, the defect can neither climb nor glide. We know that in time it
movesout of the system,and its motion must be a combination of climbing and
gliding. Will it undergo somesort of irregular chaotic di�usiv e motion?

StephenMorris wasEberhard's successorasa postdoctoral associate. During
a period of overlap they worked together and madea remarkable discovery. [133]
When a large BoussinesqRBC system of radius ratio 78 and with a Prandtl
number near one is taken about 26 % above onset, the pattern turns into a
state consistingof many small spirals and other defectswhich interact with each
other and form a state which we call spiral-defect chaos(SDC). A typical snap-
shot of SDC is shown in the right portion of Fig. 11. Stephen made extensive
measurements of its statistical properties. Its mean wavenumber as a function
of � = �T =�T c � 1 falls right into the middle of the wavenumber band over
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which, according to the theory, straight rolls are stable. [135] In the end we
concludedthat there are two attractor basins for the solutions to the equations
of motion of the system. One is the straight-roll attractor of Busseand Clever.
The other, found in our experiments, is a previously unknown chaotic attractor
corresponding to SDC. Much of the experiment has recently been reproduced
numerically, both in model equations[136; 137]and by integration of the Navier-
Stokes equations in the Boussinesqapproximation. [138] I think the discovery
of SDC fundamentally changesour view about RBC in systems with � ' 1.
Previously, we had known that there was slow time dependencein this system;
[38; 39; 53] but this was thought to be provoked by locally (in the cell interior)
exceedingthe skewed-varicoseinstabilit y becauseof roll "pinching" due to the
curvature of the rolls which in turn was causedby the lateral walls of the cell,
[4; 53; 54] and by the emission of rolls from sidewall foci [54]. Now it appears
that SDC has nothing to do with the walls and instead corresponds to a sta-
ble attractor with a large attractor basin even for the a system with periodic
boundary conditions, [138] and presumably for the in�nite system.

In a collaboration with Bob Ecke at Los Alamos, we meanwhile had dupli-
cated our gas-convection apparatus and started a secondset of experiments.
Our student Yu-Chou Hu took up residencein Los Alamos, and carried out this
work. Yu-Chou's primary goal was to study convection in the presenceof ro-
tation, which leads to the K •uppers-Lortz instabilit y [139� 141] and which was
interesting to us becauseit gives spatio-temporal chaos at onset via a forward
bifurcation. This work is not yet completed, although preliminary results [56]
have already provoked interesting theoretical work by Tu and Cross. [142] In
order to understand the rotating state, we felt it necessaryto study also the
system without rotation, [4; 54] although we expected it to be quite well under-
stood. [53] Yu-Chou developed pattern-analysis methods which could be used
to determine the onset of SDC objectively from the pattern statistics. [143] He
found that in the smaller system with a radius ratio � = 40 SDC occurred for
� >� 0:6, whereasin the system with � = 78 it had been observed [133] all the
way down to � ' 0:26. This is consistent with the fact that Croquette, in a
systemwith the smaller � = 20, did not report any SDC even though he worked
up to quite large � -values. The question naturally arisesof how low the onset
of SDC would be in the laterally in�nite system. Clearly, the determination of
the aspect-ratio dependenceof the SDC onset is an interesting problem for the
future. One would also like to understand why the onset is so sensitive to �
when � is already so large. Presumably the answer to this latter question will
be that sidewalls suppressmean 
o ws, and that mean 
o ws are essential to the
sustenanceof SDC. Interestingly, Yu-Chou found that the onsetof SDC occurred
at somewhat smaller � when the system was rotated around a vertical axis. In
addition, rotation broke the chiral symmetry of the spirals in the sensethat the
numbersof right-handed and left-handed spirals in the SDC state wereno longer
equal.

I believe that oneof the experimental accomplishments of this decadeis that
we are �nally learning about the in
uence of thermal noiseon macroscopichy-
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drodynamic systems.From a theoretical viewpoint, this hasbeenan active issue
in the 1970's,[57� 59] but as I mentioned above, the e�ects were generally con-
sideredtoo small to be observable in real experiments becausethe energykB T is
many orders of magnitude smaller than typical energiesinvolved in macroscopic

uid motion. Nonetheless,by judicial choicesof experimental systemsit hasnow
been possible to observe and measuredirectly the consequencesof 
uctuating

uid-v elocity �elds near bifurcations which are the response of the system to
thermal noise.The �rst measurements were made in electro-convection in a ne-
matic liquid crystal. [144] In that systemthe conditions areparticularly favorable
becausethe thicknessof the 
uid layer, and thus the typical 
uctuating volume,
is small. In addition, the relevant macroscopicdissipative energy is determined
by the Frank elastic constants, [145] which are also relatively small. [146] In the
liquid crystal, there is a preferred direction corresponding to the averagealign-
ment of the molecules,and this is re
ected in the 
uctuating convection rolls.
Thus, the wavevectorsof theserolls are centered about two distinct positions in
the two-dimensionalFourier space.More recently , quantitativ e measurements of
the 
uctuation amplitudes in RBC have been made, using compressedCO2 as
the 
uid. [63] In this case,the system is isotropic in the plane, and therefore
wavevectors of all possibleorientations but with a modulus closeto the critical
wavenumber are equally represented in the 
uctuations. It turns out that the

uctuation amplitudes vary as 1=j� j0:25, precisely as predicted on the basisof a
stochastic GL or Swift-Hohenbergequation with white noise.The experimentally
measuredamplitude of this power law agreeswithin 20 % or sowith predictions
[61; 62] basedon the formulation of this problem by Landau and Lifshitz [131].

An important characteristic of the present decadeis that physicists are be-
ginning to tackle more complicated, and thus in some sensemore practically
relevant, systems.As I described above, the previous two decadeshad beenused
to establish a �rm foundation for this. One of the interesting directions being
pursued is open 
o ws. The particular caseof TVF with an imposedaxial 
o w
has beena most fruitful example for quantitativ e laboratory study. [147� 153]
Here too noise plays a central role. In the absenceof noise there is a range of
� and through
o w Reynolds-numbers over which, although disturbances have
a positive growthrate, the through
o w velocity is large enough to sweep away
an isolated disturbance faster than it can grow. In this "convectively" unsta-
ble regime, there would be no spatial structures if they were not continuously
provoked by external noise. It turns out that even microscopicnoisecan create
"noise-sustainedstructures" [154]. A quantitativ e explanation of the observed
phenomena was possible in terms of a stochastic complex Ginzburg-Landau
equation. [148; 149] One may hope that this work will provide guidance in the
understanding of more complicated open-
ow systems.

Another thrust towards understanding more complexpattern-formation phe-
nomenawhich is beeingpursuedat present is the study of RBC in nematic liquid
crystals. We becameinterested in this problem when I learnedabout it during a
sabbatical leave in 1990at the University of Bayreuth, whereProfessorsKramer
and Pesch had started a program of theoretical analysis of this system. The
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equations of motion are signi�can tly more complicated than the Navier-Stokes
equations for isotropic 
uids. The usual viscosity and conductivit y are replaced
by �v e independent viscositiesand two conductivities, and the equationsfor mo-
mentum and energybalancemust be coupledto an equation for the director �eld
which contains three elastic constants. In spite of thesecomplexities, it hasbeen
possibleto carry out quantitativ e stabilit y analysesof theseequations, and un-
der someconditions predictions in the weakly nonlinear regimehave beenmade.
[128; 155; 156] The system is very rich since the director (averagealignment di-
rection of the molecules) can be horizontal (known as parallel alignment) or
vertical (known as homeotropic alignment). In the homeotropic caseconvection
can occur when heating from below or above. In addition, a magnetic �eld in the
samedirection asthe director can be usedasa secondcontrol parameter and has
a profound e�ect on the expected phenomena.Several of the predictions have
been con�rmed by recent experiments. [157] For instance, the measuredcriti-
cal Rayleigh numbers Rc as a function of the magnetic �eld strength H agree
quantitativ ely with the predictions for both the parallel and the homeotropic
case.In the parallel case,there is excellent agreement betweenexperiment and
calculations for the orientation of the convection rolls relative to the �eld and
the director. Many opportunities exist in this systemnfor additional interesting
experiments, and someof theseare under way.

5 Outlo ok

At this point of a review it is customary to make predictions of major break-
throughs which will serve to solve the primary outstanding problems. I have no
reasonto believe that theseare likely to occur. The account which I have given
of the last two decadesor so has beenone of gradual progress.In the 1970'swe
consideredthe simplest possibleproblems, namely how time and length scales
evolve as the threshold of a forward bifurcation is crossed.[28] Someissuesof
temporal complexity were raised in spatially extended systems,[37; 38] but re-
ally no progresstowards their illucidation wasmade. In the 1980'swe built upon
what had been learned, and gained more insight into complicated bifurcation
phenomena[81; 87] and into the simplest stabilit y limits of spatially extended
systems[100]. During the end of the last and the beginning of the current decade
we have learned about non-trivial spatially-extended structures such as pulses
and fronts, [111; 113; 115] we have made great progress in understanding tex-
tured patterns, [4; 53; 54; 125] and we have made an attempt to penetrate the
secretsof spatio-temporal complexity [133]. I think that this gradual process
will continue. As in the past, somewill rush aheadand tackle problems well be-
yond current comprehension;but others will advancemore cautiously and study
the next-more complicated problem on the horizon in detail. I hope that this
work will include further experiments on open systemswhich can be well con-
trolled in the laboratory, [149] becausethese are important not only from the
scienti�c viewpoint, but also in relation to practical issuesinvolving industrial
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processesand engineering applications. I also hope that our understanding of
patterns in more complex 
uids will increase.A step in that direction is the
recent work on RB- and electro-convection in nematics. I hope that this will
be continued, and extended to such systemsas ferro
uids and visco-elastic 
u-
ids. One of the Holy Grails is of course, as it has been in bygone years, the
elucidation of spatio-temportal chaos.Are there universality classeswhich may
serve to categorizethesecomplex phenomena?Can thesee�ects be captured in
the solutions of simple model equations such as complex Ginzburg-Landau and
Swift-Hohenberg equations?Will the much more advancedunderstanding of dy-
namical systems be helpful here? To what extent do stochastic e�ects which
come from outside the usual hydrodynamic equations play a role? These are
someof the issueswhich I expect to be addressedduring the next decade,albeit
one step at a time lest we should get lost at dead ends. In more concreteterms
and from the experimentalist's viewpoint, I am hopeful that the phenomena
observed in hydrodynamic instabilities in nematic liquid crystals [127; 128; 158]
and perhapssomeother anisotropic systems,which a priori appear much more
complicated than RBC in isotropic 
uids, will in a senseprovide a simpli�ca-
tion by virtue of the preferred orientation. Breaking the rotational symmetry
of RBC in isotropic 
uids, although it leads to mathematically more compli-
cated equations,may well lead to simpler physical phenomena.As an exampleI
mention here the STC discovered recently by Mik e Dennin in our group and il-
lustrated in Fig. 12. [158] In electro-convection in a particular liquid crystal (I52
over the right temperature rangeand appropriately doped at the right level) one

Fig. 12. Spatio-temporal chaos in electro-convection (Ref. 158). The image on the left
is Fourier-decomposed into its two components in the middle and on the right.

obtains a forward bifurcation to a state of STC. The state consistsof travelling
convection rolls which have an oblique orientation to the director. In that case,
the two modes with angles� and � � are equally likely to occur. Under some
conditions, both modes occur simultaneously, on the one hand stabilizing each
other and on the other in
uencing each other's amplitudes in a complexmanner.
A state of amplitude-chaosariseswherethe modeamplitudes will, astime passes,
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go through zero at somespatial locations. At these points, defectscan form in
the roll structure. Sincethis state arisesvia a forward bifurcation, onemay hope
to capture theserich phenomenain a relatively simple model, which may consist
of a weakly nonlinear theory involving two coupled complex GL equations, one
for each of the two roll orientations. It is my hope that such relatively simple
examplesof STC will serve to lay a foundation for the gradual classi�cation and
understanding of these complex phenomena.If signi�can t progressis made in
this direction during the next decade,I believe that we as a communit y should
be very satis�ed with our accomplishments. I regard as a very hopeful sign for
progressin that direction the encouraging number of young people who have
entered the �eld during the last few years.
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