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Abstract — We report temperature measurements for a cylindrical sample of turbulent Rayleigh-
Bénard convection (RBC) at points in the interior, well away from the thermal boundary layers
near the top and bottom of the sample. The aspect ratio was equal to 1.00 and the Prandtl
number o was equal to 4.4 or 5.5. The data are in the range 5 x 107 < R < 10'°, where R is
the Rayleigh number. Measurements of the temperatures T'(r, z,0) at the side wall (r =L/2)
at eight equally spaced azimuthal positions 6 and on three horizontal planes located at vertical
positions z = —L/4, 0, L/4 (the sample height and diameter are equal to L and z =0 is located at
half height) are reported. An analysis of the harmonic contents of T'(L/2,0,6) did not reveal
any symmetry-breaking deviations from the Oberbeck-Boussinesq approximation even under
conditions where the azimuthal average of the center temperature T (z) =(T(L/2,2,0))9 at
z =0 differed appreciably from the mean temperature T, = (T3 +Tp)/2 (T and T}, are the top
and bottom temperatures, respectively). The azimuthal average of the vertical temperature
variation 2[T,(—L/4) —Tw(L/4)]/(Ty —T:) at the side wall, presumably dominated by plume
activity, was found to be destabilizing and quite large, ranging from about 0.2 at R =5 x 107
to about 0.06 at R=10'". We also report data for the temperature Tp(z) along the center line
(r=0) at z=—L/4, 0, L/4. In contrast to Tw(z), To(z) revealed a small stabilizing gradient
2[To(—L/4) —To(L/4)]/ (T, — T) that depended only weakly on R and was about equal to —0.007

for 0 = 4.4 and —0.013 for o = 5.5.

Copyright © EPLA, 2007

Introduction. — Turbulence in a fluid heated from
below (Rayleigh-Bénard convection [1,2] or RBC) has
provided the opportunity to study a number of inter-
esting physical phenomena, [3-5] including the nature of
viscous [6,7] and thermal boundary layers, [8-10] the inter-
action between these layers and a large-scale circulation
(LSC) [11-14] in the interior or bulk of the system, inter-
actions between the scale of order the sample height L
of the LSC and the small scales of turbulent fluctua-
tions [15-17], and interactions between the LSC and an
external field due to rotation provided either by Earth’s
Coriolis force [18] or deliberately in the laboratory [19].

In models of this system [12,20-25] it is usually assumed
that part of the temperature drop AT =T, — Ty (T, and T}
are the temperatures of the bottom and top of the sample)
occurs across a thermal boundary layer near the bottom of
the sample, and that the remainder of AT is found across
another such layer near the top. In this approximation
the interior, even though fluctuating vigorously, in the
time average has a uniform temperature. The purpose

of the present paper is to contribute to our experimental
knowledge about the extent of the deviations from these
necessary but over-simplified model assumptions.

In this system the temperature difference is usually
expressed in terms of the dimensionless combination of
parameters [26]

 BgATL?

RV

R (1)
known as the Rayleigh number (here [ is the isobaric
thermal expansion coefficient, g the acceleration of
gravity, x the thermal diffusivity, and v the kinematic
viscosity). Two further parameters that characterize the
system are the Prandtl number 0 = v/k and a measure
of the geometrical sample shape. For a cylindrical sample
the latter role is played by the aspect ratio I'= D/L (D is
the sample diameter). RBC is usually described in terms
of the Oberbeck-Boussinesq (OB) approximation, [27,28]
where it is assumed that the fluid properties do not vary
significantly over the imposed temperature range from

14001-p1



E. Brown and G. Ahlers

T; to Ty, except for the density where it provides the
buoyancy force. For large enough AT this approximation
will break down, and interesting deviations from the
predictions based on the OB assumption occur [29-32]
and are known as non-Oberbeck-Boussinesq (NOB)
effects.

For cylinders with I' = O(1) and R not too large the LSC
to a good approximation flows up along the wall and down
along the wall at an azimuthal position that differs by
m; i.e. the sample contains a single convection roll. Thus,
along the top and bottom plates the LSC sweeps across
the boundary layers and entrains hot or cold volumes of
fluid known as plumes [33] that are emitted by the bottom
and top boundary layers, respectively. These plumes in
turn add to the LSC by virtue of their excess buoyancy.
The LSC/plume combination will cause a temperature
increase along the side wall where the fluid is rising, and a
decrease on the opposite side where the fluid is falling. The
consequent azimuthal variation of the temperature near
the side wall and in a horizontal plane has yielded a wealth
of information about LSC dynamics and its interaction
with the turbulent background fluctuations [15-18,34,35].
Here we will study the influence of the LSC and the
plumes that are carried along with it on the time-averaged
temperature in the fluid away from the top and bottom
boundaries.

One of the objectives of the present paper was to search
for NOB effects on the temperature distribution in the
interior (or bulk) of the system. One might conjecture that
such effects could arise from a difference in the nature of
the plumes that are emitted by the two thermal boundary
layers. As will be seen below in figs. 2 and 4, the azimuthal
variation of the temperature along the side wall and at a
given height can be described very well by a cosine of the
azimuthal angle #, with a phase that gives the position
of the LSC up-flow. This function and its odd harmonics
retain the symmetry between the up-flow and down-
flow that is expected for the OB system. Indeed a small
contribution, independent of AT, from a third harmonic
was detected in the measurements. Even harmonics would
break the expected OB symmetry. Within our resolution
we were unable to detect any contributions from even
harmonics. Thus any NOB effects on the LSC-induced
temperature profile are small or absent.

The other objective was to gain information about
vertical thermal gradients in the bulk of the sample. In
many models these are assumed to be absent, but early
measurements [36] as well as direct numerical simulations
of two-dimensional systems [37,38] showed that this is
an approximation. From the azimuthal and time average
of the temperatures measured at three vertical positions
we found significant destabilizing gradients near the side
wall, with temperature drops (extrapolated linearly to the
length L of the sample) ranging from 20% of AT for R near
108 to about 5% of AT for R near 10'°. On the other hand,
along the center line we observed stabilizing temperature
differences which were, however only about O(1%) of AT
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Fig. 1: Schematic diagram of the location of the side-wall
thermometers. For the top view only the thermometer locations
for the set located a distance L/2 above the bottom plate (on
the horizontal mid-plane, or z=0) are shown. The side view
indicates the location of all three sets.

Their magnitude was found to increase with o, but they
depended only weakly on R.

Apparatus, measurements, and analysis. — The
measurements were made using the “medium” sample
described in ref. [39]. The sample was a cylinder of height
L=2476cm and diameter D =24.81cm, yielding an
aspect ratio I'= D/L = 1.00. The fluid was water, usually
at a mean temperature T,, = (T;+7p)/2=40.00°C,
and unless otherwise stated the results given in this
paper are for this temperature. At 40.00°C o =4.38 and
v=6.7x 107" m?/sec. Some measurements were made
also at T;,, = 30 °C where o = 5.5. The side wall was made
of Plexiglas of thickness 0.31 cm.

We wished to make measurements of the azimuthal
temperature variation along the side wall at various
vertical positions (such measurements in the top and
bottom plate of the sample were made before by Cioni
et al. [40]). To this end, three sets of eight thermistors
each, equally spaced around the circumference at the
three vertical positions z = —L/4, 0, and L/4 (we take the
origin of the vertical axis at the horizontal midplane of
the sample) and labeled ¢=0,...,7, etc. as shown in
fig. 1, were imbedded in small holes drilled horizontally
from the outside into but not penetrating the side wall.
The thermistors were able to sense the adjacent fluid
temperature without interfering with delicate fluid-flow
structures. As discussed in ref. [16], their response time
to fluid temperature changes was of the order of a
second, which is sufficiently small for the present work.
We measured the temperature of each thermistor with
a sampling period of about 2.5 seconds. An example for
z =0 is shown in fig. 2. Since the LSC carried warm (cold)
fluid from the bottom (top) plate up (down) the side
wall, these thermistors detected the location of the upflow
(downflow) of the LSC by indicating a relatively high (low)
temperature.

To determine the orientation and strength of the LSC,
we fit the function

ﬂr:@%zz&@zTﬂZ=®+%0ﬁ<T—QOv@)
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Fig. 2: An example of the temperatures T(L/2,0,60) at the
horizontal mid-plane of the side wall as a function of the
azimuthal angle 6 for R=1.1 x 10*°. Solid line: a fit of eq. (2)
to the data. The fit yields the orientation 6y and an amplitude
4(z =0) that reflects the LSC strength.

i=0,...,7, separately at each time step, to the eight
temperature readings obtained from the thermistors at
z=0. An example of such a fit is given by the solid line in
fig. 2. The measurements scatter about the fitted curve.
We attribute this scatter primarily to local fluctuations
of the fluid temperature. The fit parameter dy = §(z =0)
is a measure of the temperature amplitude of the LSC
and 6y is the azimuthal orientation of the plane of the
LSC circulation. We calculated orientations 6; and 6, and
amplitudes d§; and &, for the top and bottom levels at
z=L/4 and —L/4, separately, by the same method as for
the middle row. Results from this method of determining
the orientation and strength of the LSC were reported in
several previous publications [15,16,18,34]. Here we focus
on the deviations of T'(L/2, z,6) from the purely harmonic
fitting function eq. (2), and on the azimuthal averages
Tw(2).

In addition to Ty (z), we measured the temperature
To(z) along the sample center-line at positions z = —L/4,
0, L/4 with three very small thermistors located in the
fluid interior.

Amplitude of the azimuthal temperature vari-
ation. — For comparison with the size of various other
temperature variations to be discussed in the remainder
of this paper, it is useful to have at hand the size of the
amplitude §(z) of the azimuthal temperature variation.
Thus, in fig. 3 we show the time-averaged results for 4,
normalized by AT, as a function of R for all three vertical
positions. The amplitude is largest in the middle row at
z=0.

Search for NOB effects on the azimuthal temper-
ature profile. — In the NOB system at large AT, the top
and bottom boundary layers differ from each other [31,32].
It is not known whether this asymmetry will lead to
an asymmetry of the plumes that are emitted from the
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Fig. 3: The LSC temperature amplitude §/AT vs. R for the
three rows of thermistors. Open squares: z = L /4. Solid circles:
z=0. Open circles: z=—L/4. The solid lines are power law
fits to the data for R >4 x 10% and correspond to do/AT =
21R™°32 (upper line) and 6; /AT = 0.60R™%'"® (lower line).

boundary layers. A significant difference in the nature of
the hot and cold plumes, ascending and descending on
opposite sides of the sample, could lead to an asymmetry
in the azimuthal temperature profile.

Motivated by this idea, we fitted eq. (2) to each member
(consisting of eight temperatures like those in fig. 2) of
a data set from a run at constant R, each such run
consisting of typically 30000 individual members and
spanning typically a time interval of one day. Each fit
gave a value of dg and 6y, and all results from a given run
were used to obtain the normalized time-averaged side-
wall temperature-profile ((T'—T,)/do) =([T'(L/2,0,0)—
T (0)]/do) as a function of @ —fy. The process then was
repeated at many values of R. An example of (T —
Tw)/00) is shown in fig. 4. It is for AT =20K and R=
1.1 x 10*°. The solid line is the function cos(# — 6), which
should agree with the data if eq. (2) is the correct fitting
function. The comparison shows that the fitting function
is quite good, but small deviations can be seen in the plot.

The measurements discussed above give the azimuthal
variation of the time-averaged temperature immediately
at the side wall. Results by Qiu and Tong [13] show
that the mean temperature along a diameter connecting
the extrema of (T —T,)/do) varies linearly through the
sample interior. This implies that T,(0) =T,(0) =T,
where T, is the center temperature defined in ref. [31].

In order to focus on the deviations from the cosine
function, we subtracted cos (6 — ) from the temperature
profile in fig. 4. The difference is plotted in fig. 5. One
sees that the deviations are dominated by a 3rd-harmonic
term. The error bars represent the statistical error of the
measurements. These deviations represent a very small
temperature difference, as they are about 5% of dg, and
do is only 1/80 of AT in this case (see fig. 3), so the
temperature variation shown here is equivalent to about
12mK.
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' ' ' Table 1: The first few Fourier coefficients a, (cosine terms)
1.0 and b, (sine terms) obtained by fitting eq. (3) to the side-wall
A temperature profile.
S 0.5 !
— AT | 20K 20K 37K 37K
"= 0.0} : n_|an bn an bn
|_| 1 0.9997 | —0.0000 0.9997 | —0.0001
— —05} i 2 —0.0056 0.0060 | —0.0068 | —0.0014
\V/ I ] 3 —0.0512 0.0086 | —0.0439 | —0.0079
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Fig. 4: The normalized time-averaged side-wall temperature- —
profile ((T'—Tyw)/do) for z=0 and as a function of the angle é 0.36} o ° _
0 — 6. The solid line is the function cos(f — ), which should 3 oqpoco@oo Q ° cooo
agree with the data if the fitting function is chosen well. This |_| 0.32} oooo Coe & & o 5
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:§ —0.04 _II I; $ = £ | Fig. 6: The temperature fluctuations around the mean profile
= g L B given by the root-mean-square value of (T —Ty)/do — ((T —
I—I %, L L ﬂ Tw)/d0) as a function of angle 6 —6y. Open circles: AT =
A2 0.00 0.25 0.50 0.75 1.00 2.5 K. Solid circles: AT =20 K. Open squares: AT = 37K. The
0 —0g (rev) similarity of the profiles at different AT suggests that the

Fig. 5: The average deviations from the cosine fitting profile,
given by ((T'—Tw)/do) —cos(0 —6) vs. 6 —6y. This is for
AT =20K and R=1.1 x 10'°.

To search for non-Boussinesq effects in the azimuthal
temperature profile, we looked for an asymmetry between
the up-flow and the down-flow at the horizontal mid-
plane by determining the Fourier coefficients of the average
temperature profile so that

(T —=Tw)/60) =Y {an cos[n(0 —0o)] + by sin[n(6 — 6o)]} .
’ (3)

Since the dominating term is the cosine term with coef-
ficient a1, additional terms with a, #0 for odd n keep
the temperature profile symmetric, while additional terms
with even n would break the symmetry, indicating a
non-Boussinesq effect. Terms with b,, # 0 would indicate
an asymmetry of the temperature profile which is not
expected to exist even for the NOB system. The first few
Fourier coefficients are shown in table 1 for both AT =
20K and AT =37K. For both AT, a; =~ 1 and a3~ 0.05
as we have already seen in figs. 4 and 5. The values of all
other coefficients are less than about 0.01, which corre-
sponds to a temperature difference of only a few mK and

fluctuations are not influenced significantly by NOB effects.

is about the resolution of the side-wall thermistors. From
this analysis it follows that if there is a NOB effect in
the azimuthal temperature profile, it is no larger than
about 1% of §y even for AT = 37°C. For comparison, the
difference between the center temperature T,,(z =0) =T,
and the mean temperature 7T;, in the same experiment
was about 2.5% of AT (or 500 mK) for AT =20K, and
about 4.3% of AT (or 1600 mK) for AT = 37K [31]. Addi-
tional details about NOB effects on T, and on the Nusselt
number can be found as well in ref. [31].

The corresponding results for ((T'—T,)/d: ) at z=L/4
and —L/4 were similar to those found for z =0 and will
not be shown here.

Fluctuations. — We can also look at the fluctuations
around the mean temperature profile. The fluctuations
are given by the root-mean-square value of (T'—T,)/do —
((T—Ty)/b0) as a function of the angle 6§ — 6, and are
shown in fig. 6 for three different values of AT. In a
NOB case we might expect the fluctuations to depend on
0 — 6y, which might indicate a difference in plume activity
on the hot (0 —60y=0) and cold (6 — 6y =0.5rev.) sides
of the sample. For each value of AT the fluctuations are
maximized at intermediate angles, perhaps because both
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Vertical temperature gradients in the bulk of turbulent RB convection
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Fig. 7: The non-dimensional bulk temperature difference
ATyqu /AT measured along the side wall vs. R. The solid line
is a fit to the data for R > 10° and corresponds to AT, /AT =
141 R—0-338

hot and cold plumes can appear at these angles, resulting
in a larger temperature variation. The profiles appear to
be the same for all three values of AT, suggesting the
absence of significant NOB effect. From a calculation of
an analog to a; and ag for these fluctuations as a measure
of the asymmetry, one gets values of a; and a3 that are
less than 0.01 for each AT. Thus, the difference between
the hot and cold sides is again about 1% of dg, which is
the limit of our temperature resolution.

Vertical temperature drop. — We measured the
average temperatures Ty,(z) at the side wall for the
three heights z=—L/4, 0 and L/4. The temperature
difference for the bulk is then extrapolated to be AT, =
2x [Tw(—L/4) —Ty,(L/4)]. This is plotted as a fraction
of AT in fig. 7. For R>10% it can be represented by
the power law 141R~9338 as shown by the solid line
in the figure. One can see that the bulk temperature
drop adjacent to the side wall is of the order of 10% of
AT in our range of R, a surprisingly large value. Indeed
it is significantly larger than the horizontal temperature
variation 2§y at z =0, as can be seen by a comparison with
fig. 3. We are not aware of similar measurements by others
in the immediate vicinity of the side wall.

Using three thermistors inside the sample, suspended
along the central axis on fishing lines at the same 3 heights
z=-L/4, 0, and L/4, the analagous bulk temperature
drop ATy =2 x [To(—L/4) — Tp(L/4)] was measured along
the central axis for 0 =4.4 and 5.5 (0 =5.5 was achieved
by changing the mean temperature of the water to T;, =
30°C). It is shown in fig. 8 as a fraction of AT. The
temperature gradient on the axis is only weakly dependent
on R, but has a significant increase in magnitude with
o. This gradient is much smaller than that along the
side wall, and negative. Thus along the central axis
the temperature is colder towards the bottom, which is
stable to gravity. If the stabilizing gradient is due to the
thermal signature of the LSC as it carries heat from the

0.00———— S —
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= -001f 8 © NV

= a2
< 002} ]
—0.03—— .
109 1010

R

Fig. 8: The non-dimensional bulk temperature drop ATy/AT
measured along the central axis of the cell vs. R. Open circles:
o =4.4. Open triangles: o =5.5. Solid diamond: from Tilgner
et al. [36] at o =6.6.

bottom (top) plate to the upper (lower) region of the cell,
one expects it to be larger with increasing ¢ as we found.
Because of the small temperature differences measured,
the thermistors were re-calibrated after taking data at
each R and some measurements were repeated. The pairs
of points at the same R seen in fig. 8 show that the
measurements are repeatable to within about 1mK in
ATy.

Measurements near the sample center have been made
by several previous investigators. Du and Tong [9], using
water at 30°C (o =5.4), within their resolution found a
uniform temperature away from the thermal boundary
layers. On the other hand, in good agreement with our
result, Tilgner et al. [36] using water at 22°C (0 =6.6)
found that the interior of their sample was stably strat-
ified. Their value of ATy/AT ~ —0.020 £ 0.007 is within
its quoted uncertainty consistent with our own data. We
note that Tilgner et al. used a cubic cell whereas ours is
cylindrical; it is not known how much the geometry could
influence the result.

Stabilizing gradients along the axis have been found also
in direct numerical simulations (DNS) of the Boussinesq
equations [37,38]. However, a comparison with the present
experiment can only be qualitative because these DNS
were for aspect ratio 2 of a sample with a square cross
section, used free-slip boundary conditions for the velocity
at the side wall, and were for R = 10% which is well below
our range of R. Further, the laterally averaged vertical
temperature profile was reported and may differ from the
measured profile along the center line. Nonetheless, it is
interesting to see that the numerical results yielded virtu-
ally no gradient for 0 =1 and a significantly stabilizing
gradient for o = 100.

Summary. — In many models of turbulent RBC it is
assumed that the interior of the sample, although fluctu-
ating vigorously, has a time-averaged temperaure that is
spatially uniform. It is of interest to determine deviations
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from this simplifying assumption. We presented experi-
mental measurements of temperatures in the interior of a
turbulent Rayleigh-Bénard sample under conditions where
the usual NOB effects caused deviations of the sample
center temperature 7T, from the mean temperature 715, of
up to 1.6 °C or 4% of the applied temperature difference
AT'. Data for the temperature T'(L/2, z,0) along the side
wall at r = L/2 of the cylindrical sample at three differ-
ent heights z showed that the azimuthal variation of this
temperature could be represented quite well by a cosine
function with an amplitude of a few % of AT. The higher-
harmonic contents of this azimuthal variation was exam-
ined and revealed no asymmetries between the up-flow and
the down-flow of the LSC, suggesting that any differences
between the plumes that emerge from the top and bottom
boundary layers do not have a significant influence on this
temperature distribution.

The azimuthal average T, (z) at the side wall revealed
a destabilizing temperature variation that varied with
Rayleigh number R from about 20% to about 6% of AT
as R changed from 10% to 10!°. In contrast to this, the
center temperature Tp(z) showed a stabilizing variation
which however had a much smaller magnitude that was
O(1%) of AT and increased with o.

We appreciate the difficulties of developing models for
this complex system, but suggest that for some purposes
some of the temperature variations reported here will have
to be taken into consideration. An example is the modeling
of the LSC [35] where the azimuthal temperature variation
provides the driving force.

* Xk ok
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