Rayleigh-B enard convection in elliptic and stadium-shap ed containers

Worawat Meevasanaand Guenter Ahlers,
Department of Physics and iIQUEST, University of California, Santa Barbara, California 93106, USA
(August 24, 2002)

We report on defect formation in convection patterns of stadium-shaped and elliptical horizontal
layers of uid heated from below (Rayleigh-Benard convection). The uid was ethanol with a
Prandtl number = 14:2. The outermost convection roll was forced to be parallel to the sidewall
by a supplemertary wall heater. The major- and minor-axis aspect-ratios ; = D;=2d;i = 1;2 (D;
are the major and minor diameter and d the thickness) were 19.4 and 13.0 respectively.

For the stadium shape we found a stable pattern which wasre ection symmetric about the major
diameter and had a down o w roll of length Ls along a large part of this diameter. This roll termi-
nated in two convex disclinations, as expected from theory. No other patterns with the outermost
roll parallel to the sidewall were found. The wavenumbers of the rolls in the curved sectionsand L
decreasedwith increasing T= Tc 1, consistert with a prediction for wavenumber selection
by curvedrolls in an in nite system. At large , the roll adjacent to the sidewall becameunstable
due to the cross-roll instabilit y.

For the elliptical shape wave-director frustration yielded a new defect structure predicted by
Ercolani et al. Depending on the sample history, three dierent patterns with the outermost roll
parallel to the wall were found. For onethe certral down o w roll seenin the stadium was shortened
to the point where it resenbled a single convection cell. Along much of the major diameter there
existed an up o w roll. The new defect structure occurred where the two down o w rolls surrounding
the certral up o wroll joined. This joint, instead of being smooth asin the stadium case,wasangular
and created a protub erance pointing outward along the major diameter. We also found a pattern
with an up o w roll along the major diameter without the cerntral down o w cell. A third pattern
contained a down o w cell, but this cell was displaced by a roll width from the certer along a minor
diameter. As increased,the length L. betweenthe two protub erancesand the wavenumbers along
the outer parts of the major diameter decreasedfor all three patterns, analogousto what was found
for the stadium. The upper stabilit y limit of these patterns was also set by the crossroll instabilit y.

PACS numbers: 47.54.+r, 47.20.Bp

I. INTR ODUCTION

In the absenceof signi cant external noise, ideal two-
dimensionalpatterns in nonlinear dissipative systemscan
have regular structures with long-range order, suc as

parallel straight rolls or stripes, squares, or hexagons.

Close approximations to this idealization can be found
in corvection of a thin horizontal layer of uid heated
from below, i.e. in Rayleigh-Benard convection (RBC);
[?] but the samepatterns occurin many other drivensys-
tems including vertically vibrated layers of sand, chemi-
cal reactions, and biological systems.[?] An interesting
problem is the study of defects which can be induced
in such structures. This issue was addressedrecertly
from a mathematical point of view by Ercolani et al. [?,?]
The problem is of interest becausedefectsare character-
istic of \natural" patterns, i.e. of patterns which form in
the presenceof signi cant noiseand/or boundaries. The
defects can be grouped in a small nhumber of universal
classesjncluding domain walls, dislocations, corvex and
concave disclinations, foci, and spiral defects. In Fig. ??
we show examplesof a few of these.[?,?,?,?,?,?,?

Here we presert the results of an experimental study
of a new defect structure which arisesasa result of wave-

director frustration and which was discussedby Ercolani
et al. [?,?] It occursin sampleswith elliptical sidewalls
whenthe axis of the outermost roll is forcedto be parallel
to the wall. When the sameis donein a stadium-shaped
cortainer (two semicirclesconnectedby a straight sec-
tion), wave directors emanating from the curved sections
of the sidewall will intersect at the certers of the semicir-
clesforming the stadium ends. This is expectedto leadto

the formation of two convex disclinations connectedby a
straight roll along the major diameter. However, a simi-
lar exercisefor an elliptical shape, and indeedfor a range
of shapes with non-constart radius of curvature, yields
causticsat the points wherethe wave directors intersect.
This is assaiated with a wave-director frustration which
is expectedto leadto a newtype of defectstructure. Here
we presert shadovgraph images([?] of this structure as
well as of convex disclinations which were obtained with

RBC samplesin elliptical and stadium-shaped containers
respectively.

For the stadium we obsened the expected corvex
disclinations, connectedby a down o w roll alongthe ma-
jor diameter. Thesestructures were stable over the range
0< T= T, 1< 2, and no other patterns were
found. As increased,the wavenumber of the rolls ad-



jacert to the curved endsdecreasedconsistert with the
known wavenumber selection by the curved rolls of foci.
[?,2,2,2,2,7] For near 2 this wave number becameun-

stable to crossrolls.
() (h)

-

O/

FIG. 1. Shadongraph images of defects obserned in
Rayleigh-Benard convection. Light (dark) areas correspond
to down o wing, relatively cold (up o wing, relatively warm)
uid. a): a domain wall. From Ref. [?]. b): a dislocation.
From Ref. [?]. c): a focus singularity. From Ref. [?]. d):
a wall focus located at the lateral wall containing the uid.
From Ref. [?]. e): a convex disclination. From Ref. [?]. f): a
somewhat imp erfect concave disclination (three wall foci are
also seen). From Ref. [?]. g): a single-armed spiral defect.
From Ref. [?]. h): a double-armed spiral defect. From Ref.

[?].

For the ellipse we found that the certral down o w roll
of the stadium had shrunk soasto form a singledown o w
cell at the certer. Along a signi cant length of the major
diameter there then was an up ow roll. The adjacert
down ow rolls met at an angle, forming two singulari-
ties rather than being smoothly curved. At ead of the
cornersa small protub eranceemanated along the major
diameter in the direction toward the sidewall. We also
found patterns in which the down o w cell at the certer
was absen, and onesin which a single up ow cell oc-

curred imersedin the down o w roll adjacert to the major
diameter. All three structures were stable over a wide -
range. As for the stadium, the distance betweenthe two
singularities decreasedwith increasing and at large
the stability limit of these structures was determined by
the cross-rollinstabilit y. Our results are consistert with
the prediction. [?,?]

In the next sectionwe briey describe somedetails of
the experiment. In Sect. ?? we presert and discussthe
patterns which have beenfound in the stadium-shaped
and in the elliptical sample. In Sect. ?? we examine the
wavenumbers selectedby these structures.

Il. APP ARA TUS

We useda standard Rayleigh-Benard convection appa-
ratus as described elsewhere[?,?,?] The cell top was a
sapphire, and the bottom was a diamond-madined alu-
minum plate with a metal- Im heater attachedto its bot-
tom. The cell wall was made of lexan [?] with a thermal
conductivity of 0.23W/m K. The lexan disk wascircular,
with a diameter of 9.6 cm. A cell of the desired shape
was cut out of its certer. Imbeddedin the cell wall, par-
allel and closeto the inner cutout, was a secondheater
consisting of a manganin wire of 0.013cm diameter with
a resistanceof approximately 12 . This heater could be
usedto force convective ow near the wall even slightly
below the bulk onset, and could create convection rolls
parallel to it. Power dissipation in this heater typically
was1l.0W.

We investigated a stadium-shaped (two semi-circles
connected by a straight section) and an elliptical cell.
For both geometriesthe thickness of the cell wall and
uid layer wasd = 0:229 cm. The major (minor) diam-
eter was D; = 8:89 (D, = 5:93) cm, yielding an aspect
ratio 1= D31=2d= 194 ( , = D,=2d = 13.0). Thus we
had 1= , = 1:5. For the stadium this geometry implies
that the length of the straight-walled certral sectionwas
equal to the radius of the semicircular ends.

We alsostudied an additional elliptical cell constructed
in the sameway, exceptthat the thicknessof the cell wall
and uid layer was0.152cm. This cell had aspect ratios

1= 291and > = 195. For this cell we were unable to
generatepatterns which werere ection-symmetric about
the major diameter.

The uid wasethanol at a meantemperature of 32.0 C
with a conductivity of 0.167W/m K and a Prandtl num-
ber = 14:2. The vertical thermal diusion time was

v = 61 sec. When a temperature dierence T wasto
be applied, the bath (bottom plate) temperature waslow-
ered (raised) by T=2. The critical temperature di er-

encefor the onsetof corvection in the cell with d = 0:229
cmwas T. = 1:33 C. We estimate T, = 4:49 C for
the cell with d = 0:152 cm.

Flow visualization was by the shadovgraph method.
[?] The imageswere divided by a referenceimage and



re-scaledfor optimal visual appearance.Each imagewas
re-scaledaccording to its own standard deviation from
its mean. Thus the visual appearanceyields no indica-
tion of the ow amplitude. In all imagesthe brightest
(darkest) regions correspond to relatively cold down o w
(warm up ow).

FIG. 2. Patterns obtained in the stadium-shaped cell with

1 = 194 and , = 130. From left to right and then top
to bottom, the imagesare for = -0.023,0.076,0.128,0.203,
0.50, 0.96, 1.26, 1.86, and 2.16.

We used various histories in an attempt to create dif-
ferent patterns in a given cell. It was always easy to
create disordered patterns with many roll axesorthogo-
nal to the wall. Thesewerenot of interest in the presen
work. To create the patterns of interest here we usually
kept the power of the wall heaterat 1 W and equilibrated
the systemwith no additional power for six hours. In one
method we then suddenlyset T to 1.6 C( ' 0:2) and
equilibrated for two hours. Thereafter T wasincreased
in stepsof 0.2 C, with equilibration times of 2 hours af-
ter each step. For the elliptical cell this usually yielded
a pattern with a down ow cell at the geometrical cen-
ter (seeFig. ??). In the other procedurewe equilibrated
the systemat T ' 10C ( ' 0:25) for six hours,
followed by a stepto T = 1:6 C. This usually yielded
patterns like those in Fig. ?? below. For the stadium
these proceduresall yielded a single unique pattern. Of
coursewe can not rule out that other stable patterns can

be generatedby other procedures. Although considerable
time wasrequired initially to establish a desiredpattern,
equilibration to a new wavenumber distribution at a new

value wasrelatively fast and T could be changedat
time intervals of one or two hoursin incremerts of 0.1 or
0.2 C. An image was taken at the end of the equilibra-
tion period.

FIG. 3. Symmetric down o w patterns in the elliptical cell
with 1 = 194 and » = 13:0. From left to right and then
top to bottom, the imagesare for = -0.023, 0.076, 0.128,
0.203, 0.35, 0.65, 0.95, 1.26, and 2.01.

I1l. RESUL TS
A. Patterns
1. Stadium

Patterns obtained in the stadium geometry are shonvn
in Fig. ?? for sewral values of Each contained a
straight certral roll with down o w along part of the ma-
jor diameter, terminating in two corvex disclinations.
The wavenumbers of the rolls in the curved section of
the pattern decreasedwith increasing , with a conse-
quent decreaseof the length L of the certral roll. At
small the convex disclinations were essetially perfect.
At larger the curvature near the disclination of the roll
pair surrounding the certral roll increasedand gave a
more angular appearance. The upper stability limit of



this pattern type was determined by the cross-roll insta-
bilit y, which causeda breakup of the outermost roll near
one curved end of the pattern (see = 1:86 and 2.16in
Fig. ??). The dependenceof L on will be discussedur-
ther below in Sect. ??. At small the pattern remained
stable until its amplitude vanishedfor negative (seethe
upper left imagein Fig. ??).

FIG. 4. Asymmetric up o w patterns in the elliptical cell

with 1 = 194 and , = 13:0. From left to right and then
top to bottom, the imagesare for = 0.35, 0.65, 1.10, 1.56,
1.71,and 2.31.

2. Ellipse

For the ellipse we were able to generatethree di erent
kinds of patterns with the outermost roll parallel to the
wall. In all of them there was down ow (bright in the
shadavgraph) adjacert to the wall.

Typical examplesof the rst pattern type are shovn
in Fig. ??. It had re ection symmetry about the ma-
jor diameter. A small convection cell with down ow at
its certer occupied the certer of the sample. This cell
corresponds to the much longer down o w roll along the
major diamater of the stadium; the geometric frustra-
tion of the ellipse causedthis down ow roll to decrease
its length until a stable cell resulted. We will refer to
this pattern as a symmetric down ow pattern. Away
from the sample certer along the major axis there was
up ow which terminated in two defects. These defects
dier from the corvex disclinations encourtered in the
stadium geometry in that the surrounding down o w re-
gion has a protrusion pointing outward along the major
diameter. This singularity, called a "protub erance", cor-
responds to the prediction of Ercolani et al. [?] and is
the result of the frustration which occursin the elliptical
geometry. Similar patterns have been generatedby nu-
merical integration of the Swift-Hohenberg equation [?]

and of the Boussinesgequations [?]. The structure is

stable over a wide -range.

A secondtype of pattern had up o w without a certral
down o w cell along a certral part of the major diameter.
This up ow roll terminated in two protub erances. The
re ection symmetry about the major diameter was bro-
ken by the immersion of an up ow cell in the down ow
roll adjacert to the major diameter as shown in Fig. ??.
The up ow cell may be regardedas a bound pair of dis-
locations of opposite toplogical charge. We will refer to
this pattern asan asymmetric up o w patern. As seenin
the gure, the dislocation pair was stable over a consid-
erable -range, but beyond ' 1.6 it disappeared. This
yielded a symmetric up o w pattern at larger .

FIG. 5. Symmetric upow patterns in the elliptical cell
with 1= 194 and , = 13:.0. From left to right, the images
are for = 0.35,1.10,and 1.86



FIG. 6. Detailed views of the certral sections of the sta-
dium pattern (top) and the three elliptical patterns for
= 0:95.

In the third pattern (Fig. ??) there is up ow along
the certral part of the major diameter, and this pat-
tern is re ection symmetric about the major diameter
(symmetric up ow pattern). It is identical to the pat-
tern which ewlvesfrom the asymmetric up o w pattern
at large = 1:6. The line of up o w again terminates in
two protub erances.

A detailed view of the certral sectionsof all four pat-
terns is givenin Fig. ??.

The stability rangesof all three patterns for the ellip-
tical sample were similar. Figure ?? illustrates the be-
havior at small . As decreasedbelow about 0.2, some
irregularities involving dislocations tended to form near
the samplecerter. At even smaller the pattern ampli-
tude vanishedin the certer while a weakroll systemdue
to the sidewall forcing by the wall heater remained near
the wall (seeupper left, = 0:02).

At large the patterns becameunstable to crossrolls
as can be seenin Fig. ?? for = 2:31. As the certral
straight-roll section becameshorter, the roll wavelength
in the region of greatest curvature increasedand locally
approadched the cross-roll instability. [?] This is similar
to what was obsened for the stadium (see Fig. ?? at

= 1:86 and 2.16), but for the ellipse the instabilit y oc-
curred at a slightly larger -value.

FIG. 7. Patterns obtained in a cell with ; = 291 and

2 = 195. From left to right and then top to bottom the
imagesare for = 0:11;0:29;0:38; and 0.42. The last pattern,
at = 0:42, was unstable and over many hours evolved to a
pattern with roll axesorthogonal to the sidewall.

We also attempted to establish patterns of high sym-
metry in an elliptical cell with larger aspect ratios [?]
(1=291and , = 195), but were not very success-
ful. In Fig. ?? we shaow someof our results. Each pattern
wasequilibrated for six hours beforethe imagewastaken.
The patterns were not re ection symmetric about their
major diameter. They became unstable to crossrolls
near the wall in the area of largest curvature already for

' 0:4, which is much smaller than the stability limit
for the smaller- cell. In Fig. ?? we show the certral
section of the pattern for = 0:11. Although the pattern
cortains a variety of defects,someof these do have sim-
ilarities to the defectsin re ection-symmetric patterns
generatedby Ercolani et al. [?] by numerical integration
of the Swift-Hohenberg equation.

FIG. 8. A detailed view of the pattern for 1 =
= 0:11.

29:1,
2 = 195, and
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FIG. 9. The lengths Ls and L. of the certral straight sec-
tions of the patterns. The open circles are for the stadium
(Ls). The remaining data are for the symmetric down o w
patterns (solid circles), symmetric up o w patterns (crosses),
and asymmetric up o w patterns (plusses) of the ellipse (Le¢).
The solid lines represert ts of Eq. ?? separately to the sta-
dium and the ellipse results.

B. Wavenumbers

At modestor large the smallestwavelengths(largest
wavevectors) of the patterns are along the minor diame-
ter. In this direction the phaseof the pattern is pinned
at the two opposite walls, and thus the number of rolls
and averagewavelength ».;i = s;e are independen of

. For the stadium patterns (s), and for the symmetric
up ow patterns of the ellipse (e), there were Ny = 12



and N,.. = 11 roll pairs respectively along the minor di-
ameter. In units of the cell spacingd this correspondsto

20 = 2 =Ny = 2:17 and 2.36 respectively. The cor-
responding averagewavevectors ko = 2 = ,; are 2.90
and 2.66 respectively, somewhatsmaller than the critical
wavevector k. = 3:117 at onset of convection. For the
symmetric down o w pattern of the ellipse ;.. and ka.e
are the sameas for the stadium patterns.

=
o
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FIG. 10. The average wavenumber ki, ;i = s;e along the
major diameter between the disclination/protub erance and
the sidewall. The open circles are for the stadium. The re-
maining data are for the symmetric down o w patterns (solid
circles), symmetric up o w patterns (crosses),and asymmetric
up o w patterns (plusses) of the ellipse. The dotted line is the
neutral curve of the in nite system. The two solid lines are
the zig-zaginstabilit y (ZZ) and the cross-roll instabilit y (CR)
of the in nite system of parallel straight rolls and = 14:2.
The three vertical dashed lines correspond to the wavenum-
berskzi alongthe minor diameter and to k.. The dash-dotted
line is the theoretical result [?] for the wavenumber selected
by the focus singularity of the axisymmetric pattern and for

= 7.

Along the major diameter the phaseof the rolls is also
pinned at the walls, but it is free at the disclinations
or protub erancesbecausethe certral roll can adjust its
length. This provides the opportunity for a wavenum-
ber selection processto becomee ectiv e and the wave-
lengths and numbers 1, and ki in this direction can
depend on . The length L of the down o w roll along
the major diameter of the stadium is showvn as open cir-
clesin Fig. ??. Also shownn are the distancesL ¢ between
the extreme ends of the protub erancesof the symmetric
down o w (solid circles), symmetric up o w (crosses),and
asymmetric up ow (plusses) patterns respectively. One
seesthat L. is the same within our resolution for the
three elliptical patterns, but that it is somewhatlarger

than Ls for the stadium. Except perhapsfor very small
we can represent Li;i = s;e by a straight line

Li = A+ B; 1)

as shown by the two solid linesin the gure. With L; in
units of d we nd As = 1296;Bs = 5:14,A. = 16:36,
and B = 4:12.

For all three elliptical patterns, there are N = 5 roll
pairs betweenthe protub eranceand the cell wall. For the
stadium, however, there are Ng = 6 roll pairs between
the disclination and the wall. The averagewavenumber
of the rolls between the disclination/protub erance and
the wall is givenby ki = 2 =[( 1 L;=2)=N;]. Results
for ky;; are shown in Fig. ??. At small the selectedky;
depends on the geometry, but for both casesis consid-
erably smaller than the critical wavenumber k. (the ky;
and k. are showvn as dashedvertical lines in the gure).
For small the valuesof ki lie below the zig-zag bulk
instabilit y-line [?,?] of the laterally in nite uniform roll
system. Presumably the roll curvature and nite sys-
tem size stabilize the rolls in spite of the known bulk
instability. [?,?,?2,?] At modest and large one seesthat
the ellipse and the stadium select very similar average
wavenumbers along the major diameter. At large the
valuesof kq;i lie well to the left of the cross-roll instabil-
ity [?,?] of the bulk system. Again one concludesthat
the nite systemsizeand/or roll curvature provide stabi-
lization. In this casethe experimentally obsened stabil-
ity limit of the nite pattern to crossrolls (seeFigs. ??
and ?7?) occurs at wavenumbers which are signi cantly
smaller than the stability limit of the in nite system.

Finally, we compare the selected wavenumbers ki
with the prediction by Buell and Catton [?,?] of the
wavenumber selected by axisymmetric corvection (fo-
cus patterns) which is given by the dash-dotted line in
Fig. ??. This line, being for the in nitely extended sys-
tem, must of coursestart at k; and = 0 and thus can
not agreewith the experimerts for the nite system. We
see,however, that the prediction and the data are nearly
parallel to ead other, suggestingthat the selection by
roll curvature in our physical system is closely related
to the medhanism treated in the theory for the in nite
system.
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